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Abstract

With the rapid technological advancement in the �eld of genomics, proteomics,

and transcriptomics, there is a tremendous surge in the volume of biological data

such as genes, proteins, and transcriptomics which have been growing at an ex-

ponential rate. Extracting hidden biologically meaningful information from the

massive amount of accumulated omics data essentially requires high-end compu-

tational methods. One such method is clustering which helps in investigating

the putative functionally related groups of genes, understanding the activity of

genes, and exhibiting inherent correlations across all the conditions.

It is believed that the alteration of genes is the principal cause of cancer. More-

over, the alteration of expression values may lead to dysregulation of biological

pathways and may, in turn, lead to the growth of malignant cells causing cancer.

On the other hand, abnormally expressed miRNAs also play a very critical role

in various diseases such as cancer. This thesis extensively presents two computa-

tional studies viz, full-space and subspace clustering of transcriptomics data con-

sidering cancer microarray gene expression and miRNA expression datasets. The

evaluation of all cluster results and identi�cation of potential cancer biomarkers

have been carried out in a manner that would aid in better cancer management

in future. Our thesis contribution has also fanned out to include the development

of two biomarker identi�cation methods viz. frequency-based and network-based

methods which determines potential biomarkers from the identi�ed clusters.

The �rst study focuses on developing an unsupervised full-space clustering named

Graph Attraction Clustering (GAClust) algorithm. Next, we propose two semi-

supervised full-space clustering algorithms, i.e., Semi-supervised Density-based

Clustering (SDC) and Semi-supervised Graph Attraction Clustering (SGAClust)

guided by external biological knowledge, Gene Ontology (GO), in order to get

good quality clusters. We apply clustering algorithms to synthetic and cancer

microarray gene expression datasets in order to validate the clustering results.
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We have extended the work by identifying some potential cancer biomarkers

using a network-based method. We successfully prove that the semi-supervised

algorithm signi�cantly produces better quality clusters than the unsupervised

algorithm.

Although clustering algorithms have their own advantages, they su�er from sev-

eral limitations. From a biological standpoint, genes may not always be related

to all experimental conditions but might be related to a subset of conditions.

Therefore, the ine�ciency of traditional clustering algorithms in extracting lo-

cal structures inherent in the data due to their focus on �nding global patterns

has given rise to a new class of subspace clustering viz. biclustering algorithms.

The second and the third work of the thesis present two proposed bicluster-

ing algorithms: an unsupervised Order-Preserving Biclustering (OPBic) and a

semi-supervised Pathway-based Order-Preserving Biclustering (POPBic). We

examine the strength of both the algorithms for synthetic, microarray gene ex-

pression, and miRNA expression datasets. Some candidate genes and miRNAs

are identi�ed as potential biomarkers using both frequency and network-based

identi�cation methods which are later validated to be responsible for several

cancer types.

Our fourth study is concerned with the identi�cation of genes that are co-

expressed under a subset of samples across time points from Gene Sample Time

(GST) data. Here, the biclustering algorithm fails since the data is of 3D data

type. Therefore, we need to move ahead from biclustering to 3D subspace clus-

tering or triclustering which can e�ectively handle the 3D gene expression data

to fully understand the hidden biological knowledge. To this end, we propose a

semi-supervised Pathway-based Order-Preserving Triclustering (POPTric) algo-

rithm to analyze breast cancer GST data. We have investigated the performance

of our triclustering algorithm with respect to synthetic and real datasets. Later,

we identify hub genes from the resulting triclusters and try to establish them as

potential biomarkers.

To sum up, all of our four contributions have unfolded from the two distinct

branches of full-space and subspace clustering and focus on the very promising

results obtained by proposed algorithms that will aid in cancer management.

Keywords: Gene expression data, Gene Sample Time data, miRNA expres-

sion data, Cancer disease, Semi-supervised clustering, Gene Ontology, Pathway,

Full-space clustering, Biclustering, Triclustering, Biomarker identi�cation, En-

richment analysis, Order-preserving.
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1
Introduction

All living organisms are composed of one or collections of cells which are com-

monly known as structural units of life. Organisms are classi�ed as Eukaryotes

that contain nuclei whereas in Prokaryotes nuclei are absent. The most impor-

tant component, chromosome, located in a nucleus1 of a cell comprises of long

chains of Deoxyribonucleic acid (DNA). A sequence of DNA carries hereditary

information and contributes to function/phenotype can be related by the term

gene. Cells share the same genes, but some genes are turned on or o� for distin-

guishing the speci�c work of cell to cell. The complete genetic material is de�ned

as genome. The pictorial representation of a cell is depicted in Figure 1.1.

Another important type of biological molecule is Ribonucleic Acid

(RNA). DNA and RNA are made up of nucleotides which are composed of a

�ve carbon sugar, four di�erent nitrogenous base, and a phosphate group. The

pentose sugar in DNA is deoxyribose whereas in RNA it is ribose. A DNA is

a prime genetic molecule that is arranged with two polynucleotide strands that

intertwining each other to shape a double helix structure [338]. Each strand of

DNA has two ends which are 5′ and 3′, referred to as the number of carbon

atoms of deoxyribose. These two strands of DNA run in an antiparallel direction

1a special membrane-bound organelle

1



Introduction 1.1. Transcriptomics data

Figure 1.1: DNA is present in the chromosome of each cell.
Image credit: https://www.tes.com/lessons/mGZszATpjnNdOw/chromosomes

which means 5′ end of a strand is adjacent to 3′ end of the other strand. The

di�erent DNA nitrogenous bases are Adenine, Thymine, Guanine, and Cytosine.

Nucleobase located in one strand of DNA structure is paired with complementary

bases on another strand of DNA forming a base pair. For instance, Adenine binds

with Thymine and Guanine joins with Cytosine by hydrogen bonds as shown in

Figure 1.2. DNA is mainly responsible for the development, reproduction, and

functioning. On the other hand, nucleic acid RNA is single-stranded which is

mainly involved in regulation and protein synthesis. Nitrogenous bases of RNA

are the same as DNA except for Thymine, which is replaced by Uracil. RNA is

synthesized from DNA and DNA has the nature of self-replicating. The study

of computational biology deals with analyzing a huge amount of biological data

which solves many practical biological issues by developing algorithms based on

computational and statistical methods.

1.1 Transcriptomics data

The main framework of molecular biology states that DNA sequences are tran-

scribed into messenger RNA (mRNA) by the transcription process, followed by

2
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Figure 1.2: The structure of a DNA molecule.
Image credit: https://www.yourgenome.org/facts/what-is-dna

RNA splicing, and later translated into protein as shown in Figure 1.3. This

biological phenomenon is termed as central dogma (proposed by Francis Crick

in 1958) and consists of three major steps: i) replication: making a new copy

of DNA from existing DNA, ii) transcription: making new RNA from DNA,

and iii) translation: producing a protein that contains series of amino acid from

RNA. During the transcription process, the RNA molecule is initially considered

as precursor mRNA (pre-mRNA) which is an �immature� molecule. Later, pre-

mRNA goes under several modi�cations such as capping, exclusion of introns2,

splicing of exons3, and addition of a polyadenine (polyA) tail to become mature

mRNA. Pre-mRNA includes both introns and exons. With the help of the RNA

splicing process introns of the gene are removed and exons are joined together

to form a coding sequence i.e., mature mRNA. RNA splicing is demonstrated in

Figure 1.4. mRNA includes 5′ cap made up of 7 methyl guanosine and 3′ polyA

tail, which further goes to the translation process. The newly formed mRNA

is transported out from the nucleus into the cytoplasm to the ribosome which

is known as the protein factory of the cell. The translation process is involved

2The region of RNA which is not used for protein code
3The region of RNA which is used for protein code

3
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in decoding mRNA and using this information to build polypeptide (basically

protein) or chain of amino acids. In mRNA, the polypeptide is built using the

group of three nucleotides called a codon. The three basic parts of translation

are i) initiation, ii) elongation, and iii) termination. To initiate the translation

process ribosome assembles with �rst transfer RNA (tRNA) and mRNA. In the

middle phase, tRNA helps in transferring the free amino acids from cytoplasm

to ribosome and is linked together to form a polypeptide chain. Further, tRNAs

continue to add more amino acids to the growing end of the chain until it reaches

the stop codon. Towards the end of the translation process, the ribosome releases

�nished polypeptide or protein into the cell.

All synthesized RNA including protein coding (mRNA) and non-coding

produced by genome under speci�c cell, tissue type, or in an organism is widely

understood as the transcriptome. RNAs are exempli�ed by siRNA (short inter-

fering RNA), rRNA (ribosome RNA), or lncRNA (long non-coding RNA) which

are necessarily not involved in the translation process to produce a protein (non-

coding) [45]. The study of transcriptome signi�es transcriptomics which summa-

rizes a global picture of how genes are expressed, interconnected, and functioning.

It provides a comprehensive analysis of cells, tissues, or organisms under speci�c

physiological conditions, time points, or development stages. Transcriptomics

data or the entire set of RNA catalogs di�erent transcripts, such as mRNA,

microRNA (miRNA), and lncRNA.

1.1.1 Gene expression pro�ling

The central dogma is at the heart of molecular biology which represents the

�ow of information from DNA through RNA and �nally into proteins. This is

known as gene expression. The ways in which genes are expressed can a�ect

the organisms phenotypes such as hair color, color of eyes etc. Gene expression

pro�ling can re�ect thousands of gene expressions simultaneously for a deep

understanding of cellular function. Using modern high-throughput technologies,

gene expression pro�ling quanti�es the count of mRNA transcripts that in turn

calculate the number of corresponding proteins at the transcription level. This

originally means estimating relative mRNA amounts in di�erent experimental

conditions and after that assessing under which condition particular genes are

expressed. If a gene is turned o�, it is considered to be not used to produce

mRNA and if a gene is turned on then the gene is used to make mRNA.

The data collected from gene expression pro�ling experiments is called

gene expression data. A proper level of mRNA is an essential intermediate in

4
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Figure 1.3: Central dogma explains the transfer of genetic information from DNA
to protein.
Image credit: https://www.yourgenome.org/facts/what-is-the-central-dogma

the expression level of genes. Multi-dimensional high-throughput gene expression

data can be organized in a matrix (2D) with row vectors representing the gene

expression patterns and column vectors showing the expression pro�le of condi-

tions, samples, or time points, as presented in Figure 1.5 [254]. The heatmap

representation of gene expression data consists of six genes {g1, g2, g3, g4, g5, g6},
four columns {c1, c2, c3, c4}, and each cell represents expression value. The num-

ber of genes is signi�cantly greater than that of the number of samples. The

gene expression levels are measured in di�erent experimental conditions, di�er-

ent medical conditions, di�erent (diseased or healthy) sample tissue, the in�uence

of drug application on sample tissue, development stages, di�erent time points,

or di�erent organs.

5
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Figure 1.4: The process of a RNA splicing.
Image credit: https://courses.lumenlearning.com/suny-osbiology2e/chapter/

rna-processing-in-eukaryotes/#fig-ch15_03_02

Figure 1.5: A toy example of a gene expression data matrix.

In recent years, due to rapid advancement in technology, it is now pos-

sible to collect gene expression values under a massive number of experimental

conditions during various time points from a single experiment. This type of data

is called 3D gene expression data or Gene Sample Time (GST) data [316]. Figure

1.6 presents a schematic diagram of GST data with six genes {g1, g2, g3, g4, g5, g6},
four samples {s1, s2, s3, s4}, and three time points {t1, t2, t3}.

1.1.2 Introduction to microRNA

MicroRNAs (miRNA) are small non-coding RNA molecules of 19-25 nucleotides

(nt) in length, that can regulate translation and regulation of various target

genes [301]. More than 2500 miRNAs are referenced in microRNA database,

named miRbase4 [17]. miRNA is �rst discovered in the year 1993 by Lee et

al. [191]. Since then, miRNAs have emerged as a key regulator in cellular

4http://www.mirbase.org/
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g1

g2

g3

g4

g5

g6

t1

t2

t3

s1 s2 s3 s4

3D gene expression data

Figure 1.6: A schematic diagram of Gene Sample Time (GST) data.

functions, metabolic pathways, and physiological processes. It appears to be

actively participating in a variety of biological processes such as cell cycle, cell

growth, di�erentiation, apoptosis5, and proliferation6 through negative regulation

of gene expression to a post-transcriptional level [123, 301]. In other words,

miRNA performs a ubiquitous role to regulate mRNAs which are associated

with protein translation and suppress gene expression.

The mechanism of miRNA function can greatly be understood by the

process of biogenesis [232]. Biogenesis occurs in both the nucleus and cytoplasm

through multiple steps. Initially, miRNAs are transcribed by RNA polymerase

II as long, pri-miRNAs (primary miRNA transcripts) which are comprised of 5′

cap and polyA tail having more than 1000 nt [236]. In the nucleus, pri-miRNAs

are cleaved into a hairpin-like structure called pre-miRNAs by the micropro-

cessor complex comprising of RNase III enzyme Drosha [259]. Subsequently,

pre-miRNAs are then exported to the cytoplasm by the karyopherin exportin 5

(Exp5) and Ran-GTP, where they undergo the �nal event by a second RNase

III-like enzyme, Dicer [43]. Now, Dicer gives rise to duplexed miRNA strands. In

general, one strand of miRNA which is destined to be loaded into RISC (RNA-

induced silencing complex), takes active participation in gene regulation. This

strand is known as `guide' strand, represented by miR whereas another strand

is termed as `minor miRNA' or `passenger miRNA', denoted by miR*. These

strands are then included in the RISC loaded with an Argonaute (AGO) protein

in order to select one strand to become mature miRNA. The complex causes the

passenger strand to unwind from the guide strand via di�erent mechanisms on

the basis of degree complementarity and is discarded [260]. Thus mature RISC

5The process of cell self-destruction
6The process results increasing number of cells
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Figure 1.7: Mechanism of miRNA biogenesis.
Image credit: https://old.abmgood.com/marketing/knowledge_base/miRNA_

Introduction.php

carries mature, single stranded miRNA which is basically a part of RISC and

silences the expression of target genes. Moreover, RISC with the help of pre-

miRNA act as the source of small miRNA and can cleave target mRNA [233].

The entire process can be elucidated from Figure 1.7. In addition to this, many

other varieties have been discovered [259, 260].

1.2 Experimental techniques for transcriptome

analysis

Experimental techniques to measure transcriptomics data can be broadly classi-

�ed into two types viz, low and high-throughput depending on the amount of data

they produce. Quantitative Reverse Transcription Polymerase Chain Reaction

(qRT-PCR) and Northern Blot fall under low-throughput technology, allowing a

limited number of transcripts for measurement with high speci�city. In the past

three decades, several breakthroughs in high-throughput technologies have made

8
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Introduction 1.2. Experimental techniques for transcriptome analysis

it possible to analyze a massive amount of the expression of multiple transcripts

in di�erent pathological conditions for understanding the link between transcrip-

tome and cellular phenotypes. Currently, two major well-established methods

i.e., microarray (hybridization-based technique) and next-generation sequencing

(sequence-based approach) are leading methods used to quantify the expression

pro�les of genes and miRNAs [271, 279]. Next, we discuss in detail these emerging

methods in sequence.

1.2.1 Microarray technology

DNA microarray technology [95] is one of the best-known representatives in

the �eld of bioinformatics, molecular biology, biomedical studies etc. Previ-

ously, studying the bioinformatics data such as genomics7, proteomics8 was just

a dream. With the invention of DNA microarray technology, this dream was real-

ized. This technology is considered to be extremely bene�cial in drug discovery,

drug identi�cation, drug validation, pathological behaviors, cell development,

and cell di�erentiation. Microarray has the power to monitor thousands of ex-

pression levels of di�erent genes in a parallel fashion, under certain conditions

like time series, drug application at di�erent stages, diseased cells etc. Com-

plementary DNA (cDNA) and Oligonucleotides are two types of array used in

microarray experiments [164]. Regardless of which type of microarray is used the

basic purpose is the same except for some di�erences in the experiment.

Di�erent variants of this method can be found in the literature but the

basic underlying idea is the same. This method is based on the hybridization con-

cept which is based on spontaneously joining complementary base pairs. DNA

Microarray (DNA chip) is typically made up of glass slides coated with chemical,

silicon, or nylon membranes, where DNA's are spotted precisely in a sequential

manner. Each spot can encompass a million copies of identical DNA. As a whole

one microarray contains thousands of genes. At �rst two RNA samples (say,

sample tissue are kept under condition A and same sample tissue in condition B)

are reverse transcripted to get the cDNA. cDNA is then labeled with �uorescent

dyes (red for condition A and green for condition B) to distinguish between two

samples (diseased or healthy). The labeled cDNA is hybridized into a microar-

ray slide. Now, the hybridized microarrays are being excited under the laser and

scanned under a particular wavelength to determine the red and green dye. The

emitted �uorescence determines the abundance of RNA (nucleic acid). Loosely

7The study of genome
8The study of proteins
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speaking it generates an image comprised of red (produced cDNA in condition A

is greater than produced cDNA in condition B), green (produced cDNA in con-

dition B is greater than produced cDNA in condition A), yellow (gene expression

level is the same in both A and B conditions), and black (no expression levels of

the genes in both the conditions) spots which represents the expression level of

each gene. The transforming of this red-green false color image into a gene ex-

pression matrix is rendered using image processing techniques. The overview of

microarray technology for gene expression data is depicted in Figure 1.8. Of note,

A�ymetrix microarray or Oligonucleotides measure expression level in absolute

terms whereas cDNA measures in relative terms.

Diseased sample
  (Condition A)

Healthy sample
  (Condition B)

Label with fluroscent dye

RNA

Labeled cDNA

Reverse transcription 
process

Hybridization

Scan

Figure 1.8: A brief overview of microarray technology for gene expression data.

Microarray technology has been facilitated for miRNA expression pro�les

also. This is the oldest method to be used for simultaneous analysis of miRNA

expression pro�les. A similar approach as mentioned before is being performed

to analyze miRNAs in parallel at the time of pro�ling. The steps involved in

this method are �uorescent labeling of miRNAs, using DNA-based probes for

hybridization, washing, and scanning of the array and �nally, quanti�cation of

�uorescence to pro�le the miRNAs [279]. Several variations have been developed

including DNA-based probe to �uorescent tagging methods of miRNA in di�erent

samples for executing hybridization method [279].

10
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1.2.2 Next generation sequencing techniques

Notwithstanding the success of microarray technology, it su�ers from some dis-

advantages. Prior knowledge is needed on species or transcript speci�ed probes,

limitation of accurate measurement of expression due to background hybridiza-

tion and consideration of relative values instead of absolute are some of the

de�ciencies of microarrays [109]. More recently, RNA sequencing (RNA-seq)

technology is quickly superseding microarray technology. RNA-seq data uses the

emergence of the NGS (Next Generation Sequencing) platform which reveals the

quantity of RNA and generates DNA sequence from the RNA reference molecule.

In a simpli�ed way, it provides qualitative and quantitative information about

RNA present in di�erent samples. RNA-seq is not limited to pre-speci�ed genes

to be assayed rather it can detect new transcripts [42]. Additionally, the sequenc-

ing of the genetic material resulting from di�erent biological samples is the core

dependency of RNA-seq. A vast range of NGS technologies has been developed

such as Illumina Genome Analyzer and SOLiD (Sequencing by Oligonucleotide

Ligation and Detection) for di�erent biological �elds to examine genome-wide ex-

pression level of genes including miRNAs [210]. RNA-seq procedure is far more

complex than microarray. The fundamental steps of RNA-seq are summarized

below.

In the very �rst step, RNA molecules from the samples of interest are

collected and then transcribed into cDNA fragments allowing them to enter into

the NGS work�ow. To perform the sequencing on genetic material, adapters, or

short constant sequences are added to each of the fragmented molecules. These

adapters permit sequencing which carries functional elements such as primary

sequencing site and ampli�cation element. Next, cDNA is analyzed by NGS,

which generates short sequences considering both or one end of the fragments.

At the end of this sequencing technology, each sequence for the biological sample

provides a discrete expression known as count. A detailed review of di�erent

NGS technology and RNA-seq can be found in [235, 336].

1.3 Transcriptomics data analysis

Research in computational biology has been revolutionized with the advent of

high-throughput technologies which has exponentially increased the amount of

data. Extracting biologically hidden predictive information from a large amount

of data delivers a great challenging task. To understand the complex mechanisms

of biological phenomena at the molecular level, it is necessary to identify groups

11
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of genes interacting with each other to accomplish a biological function [12].

Investigation of these data should be done using computational methods. One of

the promising areas of data mining techniques, clustering is used in various �elds

such as object recognition, speech processing, text mining, and image processing

[58, 100]. Clustering attempts to identify a group (cluster) of objects so that

objects within the same group share a similar pattern while being dissimilar

from the objects in other groups.

The application of clustering approaches in gene expression data is wide

ranging from functional genomic application [315], biotechnological research to

clinical applications. It has been proved to be extremely valuable in health care

applications like disease diagnosis, drug identi�cation, accurate treatment pro-

cedure, insights of di�erent diseases, and identi�cation of subtypes of diseases to

name a few. Clustering helps in gaining a deep understanding of cell regulations,

functions of an uncharacterized gene, subtype of cells, biological pathways, and

cellular processes [164, 174]. It also helps to understand the genetic behavior of

life, gene function prediction, and regulatory motifs from gene expression data

[86].

Clustering can be broadly classi�ed into two types, (i) full-space and

(ii) subspace clustering. Subspace clustering is an NP-hard problem which in

turn makes the algorithm computationally expensive compared to the classical

one [314]. The reason behind the complexity of the algorithm is the checking

of all possible subsets of a given dataset rather than just looking at the dataset

once and �nding the clusters. Biclustering and triclustering fall under subspace

clustering algorithms. We start by introducing the basic concepts of all these

algorithms in the next section.

1.3.1 Full-space cluster analysis

Full-space clustering essentially means a grouping of genes (or conditions) based

on their proximity (similarity or dissimilarity) utilizing the entire dimension of

conditions (or genes). The prior job of a full-space clustering algorithm is to

identify co-expressed genes which in turn reveals the information about unknown

genes by forming clusters with some known genes [37]. Functionally related

co-expressed genes in a cluster also reveal how various biological pathways and

processes respond to the underlying biological systems [100]. Figure 1.9 depicts a

scenario of a full-space clustering algorithm where the left side shows the heatmap

of gene expression data and on the right side shows the corresponding three gene

clusters associated with co-expressed patterns in graphs.

12
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Cluster 1

Cluster 2

Cluster 3

Gene expression data

Full-space 
clustering 
algorithm

Figure 1.9: The input and output of a full-space clustering algorithm.

1.3.2 Bicluster analysis

From a biological point of view, an important fact is that genes are not really

related to all experimental conditions but to a subset of conditions [109, 277].

At this point, traditional clustering algorithms fail to identify a subset of genes

under a subset of conditions because it considers the whole set of conditions.

Additionally, a recent perception is that genes are co-regulated and co-expressed

under certain experimental conditions and behaves almost independently for the

remaining conditions [227]. This conception has given birth to biclustering algo-

rithms and outperforms traditional clustering algorithms [99, 278]. Biclustering

which is a type of subspace clustering simultaneously clusters both rows and

columns. Formally, a biclustering algorithm groups a subset of genes in associa-

tion with a subset of samples, which convey biologically more signi�cant groups

of genes. The di�erent nomenclature of biclustering algorithms includes subspace

clustering, bi-dimensional clustering, co-clustering, simultaneous clustering, and

two-way clustering. Figure 1.10 shows the input and output of a biclustering

algorithm where the left panel shows the heatmap of gene expression data and

the right panel shows three biclusters. It is highly appreciable to analyze data

by simultaneous row-column clustering to uncover many biological pathways via

discovering local expression patterns from transcriptomics data. Besides the bi-

ological application, it is also used in many other �elds like text mining, market

research, information retrieval, and many more.

13
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Gene expression data

Biclustering 
algorithm

Three biclusters

Figure 1.10: The input and output of a biclustering algorithm.

1.3.3 Tricluster analysis

Biclustering algorithm �nds the submatrices at the same time, but nowadays

researchers are interested to identify genes that are co-expressed under a subset

of samples or experimental conditions across time points from GST data. Here,

the biclustering algorithm fails to deal with such 3D data. Therefore, we need

to move one step ahead from biclustering to 3D subspace clustering which can

e�ectively handle the 3D gene expression data to fully understand the hidden

biological knowledge. The subspace clustering for 3D data is essentially known

as triclustering and the term tricluster can be delineated as a subset of genes

exhibiting similar expression pro�les under certain samples across a series of

time-points [37, 364]. The schematic diagram of GST data and corresponding

triclusters can be found in Figure 1.11.

1.3.4 Incorporating biological knowledge

In the �eld of biology, one of the most important knowledge-based biological

database is Gene Ontology (GO) [19]. The focus of current research has steered

towards the functional categorization of gene expression data using GO. Ontol-

ogy is a knowledge representation in a speci�c domain. According to the Gene

Ontology Consortium, 2000, the GO database shows the hierarchical structure

of gene annotations re�ecting the association among genes and biological terms.

GO provides the controlled vocabulary of about 30,000 terms for the three dis-

tinct domains Biological Process (BP), Cellular Component (CC), and Molecular

Function (MF) to represent the gene properties, gene functionalities, or gene it-

self. BP refers to the contribution of gene products towards biological objectives,

MF de�nes biochemical activities of a gene product, and CC tells the location in
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Figure 1.11: The input and output of a triclustering algorithm.

the cell of gene product activation. Ontology is actually some set of terms with

di�erent hierarchical relationships or parent-child relationships (is_a, part_of )

which is functioning in the previously mentioned domain. If a child term is a

specialization of a parent term, then it is denoted by the is_a relation and if a

child term is a component of a parent term, then it is described by the part_of

relation. Figure 1.12 depicts the relations in the GO [41]. GO terms are related to

each other with negative regulation and positive regulations. GO is represented

as a rooted Directed Acyclic Graph (DAG) where each node is represented by

a GO term and the edge represents the relationship between the nodes. This

graph forms as a hierarchy in such a way that one GO term is related to other

GO terms, but the child node may have more than one parent. The root nodes

are Biological Process, Cellular Component, and Molecular Function. Annota-

tion is the association among the genes and the controlled vocabulary (gene ID)

[272]. For example gene COL1A1 annotated with 7 MF terms (GO:0048407,

GO:0046872,. . .), 11 CC terms (GO:0005581, GO:0005584,. . .), and 54 BP terms

(GO:0001503, GO:0001649,. . .). In GO, two genes may be annotated with the

same term or they may be annotated via a shared term depending on the GO

hierarchy [225]. The knowledge represented in the GO hierarchy may be used to

guide the unsupervised clustering process into a semi-supervised clustering which
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Figure 1.12: Relations in the GO.

will give functionally enriched clusters.

Another biological knowledge is pathway. A pathway is comprised of a

set of interactions among molecules in a cell leading to a signi�cant biological

process [93]. In systems biology, to understand the functionality of a group of

genes, a pathway plays a crucial role. Pathways can also unveil many complex

cellular phenomena or genetic mechanisms related to complex diseases such as

cancer at molecular levels, which may not be possible only by using expressions

of genes. Complex biological pathways have been proven extremely bene�cial in

analyzing biological data when coupled with algorithmic framework [249]. Nu-

merous pathway databases are available such as Kyoto Encyclopedia of Genes

and Genomes (KEGG), WikiPathways, Reactome, and NCIPathways. These

databases di�er in the presence of the number of pathways, the average number

of proteins in the pathway, categories of pathways, and the biochemical interac-

tions. Notably, among these databases, KEGG is over-represented in the context

of publication [249]. Hence, KEGG is considered a good source [172]. KEGG is
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a knowledge base that links genomic information with higher functional informa-

tion. Biological function is not subjected to a single gene rather it is comprised

of multiple molecules and processes. Functional assignment de�nes the linking

of a set of genes in the genome with the help of a network of molecules, termed

as pathways, basically representing higher order biological functions.

1.4 Cancer transcriptomic pro�ling

One of the leading causes of death is cancer which has become a serious life-

threatening disease for human beings. According to the statistical report, the

total number of new cases of cancer has risen to 19.3 million globally with 10.0

million deaths in 2020 [50]. In India, new cases of cancer have been estimated

to be 13.9 lakh and it is expected to reach up to 15.7 lakh by 20239. Worldwide,

the number of breast cancer in women is escalating. Amongst men cancer, lung

cancer is the most frequently occurring cancer, prostate cancer being the second,

and colorectum cancer is the third most familiar type of cancer. Patients su�ering

from advanced stages of cancer result in poor prognosis and also high recurrence

rate [208]. Despite having therapeutic advancement of pharmacogenomics and

medicine, early cancer detection for increasing the patient's survival rate is still

a challenging task.

Genetic mutation of a gene is the reason that cancer develops and which

in turn, loses control over the cell proliferation [288]. Another cause of cancer

or developing malignant cells is dysregulation of biological pathways [109, 215].

Recently, cancer types can generally be categorized by molecular characteristics

which include gene expression data [231]. Abnormal expression of transcripts in-

volves the main characteristics of cancer disease by altering its expression levels,

polymorphism, and isoforms [312]. Therefore, gene expression data is used to

study the transcriptome of cancer for detecting novel transcripts and alternative

splicing with higher accuracy [208]. Gene expression data also helps to identify

diseased genes by varying the expression value under standard and diseased con-

ditions [147]. From emerging evidence, it is strongly believed that abnormally

expressed miRNAs play a critical role in various diseases including cancer [123].

Over the recent past, it has been observed that alteration of the expression of

miRNA genes is responsible for malignant tumor development, cell proliferation,

and apoptosis [73]. It has also been veri�ed that miRNA di�erentially expresses

in speci�c tissue and several types of cancer [109].

9https://www.ndtv.com
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1.5 Potential biomarkers identi�cation

The term biomarkers or biological markers are considered to be a relevant index

of normal and abnormal biological processes by analyzing di�erent biomolecules.

According to the de�nition given by World Health Organization, �A biomarker

is any substance, structure or process that can be measured in the body or its

products and in�uence or predict the incidence of outcome or disease�. Over

the past decade, the de�nition of biomarker has been evolving. Generally, a

biomarker can distinguish between healthy and diseased persons. A large va-

riety of biomarkers include proteins, genes, and miRNAs. Clinically, a cancer

biomarker may measure the risk factors growing in the speci�c cell, the possible

response over several treatments or cancer progression [120].

Predictive, prognostic, and diagnostic biomarkers are the main types of

biomarkers based on their usage [187]. A predictive biomarker is useful in identi-

fying individuals that predict response to a particular medical therapeutic [120].

The mutation of BRCA1/BRCA2 (BReast CAncer genes 1 and 2) may be con-

sidered as predictive biomarkers while women su�ering from ovarian cancer [190].

On the other hand, a prognostic biomarker is not directly linked with a partic-

ular treatment rather it indicates the physician about the likelihood of future

clinical outcomes (deaths or new medical conditions), disease recurrence, or pro-

gression to therapy. For example, BRCA1/BRCA2 can be treated as prognostic

biomarkers to assess the second occurrence of breast cancer while evaluating

women diagnosed with cancer [28]. Another type of biomarker, i.e., a diagnos-

tic biomarker is used for a critical determination that a patient su�ers from a

speci�c medical condition for which he/she should get enrolled in a particular

clinical trial for a speci�c disease. For example, stool DNA testing can identify

cancers for patients su�ering from colorectal cancer [153].

The molecular characterization of gene expression data is considered to

have a great role in early diagnosis of cancer by discovering prognostic biomark-

ers [291, 369]. Identi�cation of cancer risk groups will facilitate better treatment

and increase the survival rate of a patient's lifetime. It helps in determining the

risk of developing cancer. For instance, a woman with having a strong family

background of having ovarian cancer can go for genetic testing for the purpose

of knowing if she is a carrier for mutation of BRCA1 which may increase the

risk factor of cancer [137]. Reliable biomarkers are extremely bene�cial in under-

standing the complexity of various diseases [288], reduction of cost, simplifying

the experimental setup, and providing a reference to the actual wet laboratory ex-

perimental results [231]. A substantial amount of literature study demonstrates
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that miRNAs may act as oncogenes, potential biomarkers, or tumor suppressors

since they might be involved negatively and positively in the regulation of human

diseases by controlling the intracellular signaling pathways, thereby directly af-

fecting the proliferation and apoptosis [109]. Three speci�c characteristics such

as high sensitivity, speci�city, and predictivity make miRNA play a key role

as biomarkers in cancer [187]. The main challenge is to identify the miRNA

biomarkers involved in dysregulation of the pathways in cancer.

The identi�cation of cancer-related biomarkers will boost cancer manage-

ment successfully and help diagnostics in a better way. Though several biomark-

ers have been identi�ed which are used for diagnosis, still there is a need for

improving the process of identifying new biomarkers. Many strategies have made

it possible to discover biomarkers and selecting a proper method is a very chal-

lenging task [245]. In addition to conventional methods [59, 168, 206, 231], some

frequently used strategies dealing with biomarkers or causal gene identi�cation for

cancer include di�erential expression analysis [309, 322], network analysis [183],

co-expression network analysis [211], top gene ranking [206], statistical analysis

[175], and classi�cation [97]. The thesis outlines the biomarker identi�cation

method utilizing the clustering and subspace clustering methods.

1.6 Motivation

Clustering algorithms are unsupervised by nature, i.e., no priori knowledge is

required. For transcriptomics data, no prior knowledge is available previously

for discovering interesting patterns. Even though clustering analysis is an ex-

ploratory technique for determining the relationship in gene expression data

[275], still it does not give the biologically meaningful correlation between ge-

netic co-regulation and a�liation to a common biological process [2]. Moreover,

using only expression values do not give the biological relationships in clusters.

Therefore, su�cient attention is given to incorporate the biological knowledge

during the search process to ensure that co-expressed genes are highly relevant

biologically [255]. While integrating biological knowledge into gene expression

matrix during clustering, it no longer seems to be an unsupervised approach and

turns into a semi-supervised clustering. Basically, biological knowledge is used as

a posterior criterion to ensure the relevancy of the discovered clusters. Bryan [51]

has identi�ed some limitations of gene expression data clustering and pointed out

that the lack of natural gene clusters can be overcome by using semi- or super-

vised learning. With this belief, we have been motivated to develop clustering
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algorithms with biological knowledge in this thesis.

Interestingly, during the last few years, knowledge-driven approaches

have been gaining popularity because statistically signi�cant and homogeneity

solutions may not be biologically relevant [135]. GO plays a pivotal role in cap-

turing the relationship among genes and hence give an added advantage if it is

incorporated into the full-space clustering process as GO contains the biologi-

cal classi�cations of all known genes. This motivates us to investigate external

information from GO in this particular domain.

The active involvement of semi-supervised learning approaches have led

to their advancement and gaining popularity in the �eld of clustering and biclus-

tering [135, 214, 225, 255, 325]. The key features of a biclustering algorithm is to

identify various types of biclusters, viz. (i) constant bicluster, (ii) row-constant

bicluster, (iii) column-constant bicluster, (iv) additive bicluster, (v) multiplica-

tive, (vi) additive-multiplicative, (vii) up-regulated, and (viii) trend-preserving

(Explained in Chapters 2 and 4). Literature suggests that biclustering algo-

rithms work well for a particular bicluster type [266]. Therefore, developing an

e�cient biclustering algorithm that can discover all types of bicluster models is

of utmost importance. Since biclustering is an NP-hard problem, it becomes

very slow while comparing tens of thousands of patterns. To explore biclusters

from such large datasets we take the help of parallel computing to accelerate our

proposed algorithm. We have proposed two biclustering algorithms, one unsu-

pervised parallel biclustering algorithm and another semi-supervised biclustering

algorithm that can identify all types of biclusters. To obtain better quality biclus-

ters knowledge base i.e., GO annotations have been incorporated. In the previous

work, knowledge-driven clustering algorithm we use GO as biological knowledge.

Recently, it has been demonstrated that pathway-based approaches are more re-

liable and robust for analysis of gene expression data [365]. This is because gene

expression data and protein-protein networks do not yield coherent gene subsets

as pathways do [178]. According to Kim et al. [178], integrating pathways and

gene information improves the performance of semi-supervised learning with the

goal of di�erentiating disease phenotypes. We have proposed a biclustering tech-

nique incorporating KEGG pathways as the biological knowledge base as KEGG

is open source, well established and highly cited. It is noteworthy that miRNA

expression analysis follows a similar approach like mRNA expression analysis

[356].

Li and Tuck [194] have proposed a triclustering algorithm that integrates

gene expression and gene regulatory information for clustering. Integration of any
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biological information from the open access databases is a challenging task and

is currently one of the most prominent research directions [103]. The rationale

behind this particular work is the intuitive idea of combining KEGG pathway

knowledge in the triclustering process as we do for biclustering. We propose a

novel triclustering algorithm for 3D data. To the best of our knowledge, KEGG

pathway information has not been investigated till the writing of this thesis in

triclustering algorithms. We have also explored all types of tricluster models

such as additive, multiplicative, and additive-multiplicative, whereas the state-

of-the-art methods fail to identify all types of triclusters by a single algorithm.

Towards the end of each work, we have tried to identify biomarkers employing

the strength of clustering and subspace clustering algorithms.

1.7 Objectives

The problem statement of our research is as follows.

Given a transcriptomics cancer data, the key goal of our research is to develop

semi-supervised full-space and subspace clustering techniques incorporating di�er-

ent biological knowledge to �nd biologically relevant clusters and identify potential

cancer biomarkers.

To achieve this purpose, we have subdivided our work into several objectives as

below.

1 To develop unsupervised and semi-supervised full-space clustering algo-

rithms incorporating Gene Ontology for cancer gene expression in order to

identify potential biomarkers.

2 To develop a biclustering algorithm for cancer transcriptomics data that is

able to detect all types of biclusters and identify potential biomarkers.

3 To develop a semi-supervised biclustering algorithm for cancer transcrip-

tomics data incorporating KEGG pathway information, capable of discov-

ering all types of patterns and identify potential biomarkers.

4 To develop a semi-supervised triclustering algorithm guided by KEGG

pathway information which can �nd additive, multiplicative, and additive-

multiplicative patterns from cancer GST data, allowing to �nd potential

biomarkers.

The assessment of the aforementioned clustering algorithms has been carried out

through empirical study with the help of both synthetic and real datasets. The

entire work�ow of our thesis is given in Figure 1.13.
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Introduction 1.8. Contributions

1.8 Contributions

This thesis is divided into seven chapters. Based on the objectives in mind, we

have organized the contributions of the thesis as follows.

Chapter 2 - Background: The key concepts of cluster analysis of

transcriptomics data are presented. The fundamentals of classical clustering,

biclustering, and triclustering from the literature are summarized. The pitfalls

of traditional clustering algorithms over subspace clustering are reported. Addi-

tionally, relative cluster validation criteria are brie�y reviewed.

Chapter 3 - Full-space Cluster Analysis of Cancer Gene Ex-

pression Data: Three contributions regarding the clustering algorithms are

developed. In this chapter, �rstly, we introduce an unsupervised full-space clus-

tering algorithm, Graph Attraction Clustering (GAClust). Secondly, we pro-

pose a Semi-supervised Density-based Clustering (SDC) algorithm which takes

GO information during clustering procedure. At last, being motivated by the

incorporation of Gene Ontology as a biological knowledge, we modify GAClust

into Semi-supervised Graph Attraction Clustering (SGAClust). Moreover, a

network-based biomarker identi�cation methodology is demonstrated that em-

ploys identi�ed clusters. An empirical analysis of unsupervised clustering algo-

rithms has been explored for synthetic datasets. To evaluate the e�cacy of these

algorithms, we use cancer microarray gene expression datasets and then iden-

tify potential biomarkers using a network-based method. Finally, the chapter

discusses the goodness of semi-supervised over unsupervised methods experi-

mentally.

Chapter 4 - Bicluster Analysis of Cancer Transcriptomics Data:

This section, deals with a biclustering algorithm named Order-Preserving

Biclustering (OPBic) algorithm. Not only that but we also present a frequency-

based biomarker identi�cation method utilizing discovered biclusters. We apply

the proposed algorithm in synthetic datasets, real cancer microarray gene expres-

sion, and breast cancer miRNA expression datasets. In association with this, we

identify potential biomarkers using frequency and network-based methods for

both types of real datasets. A detailed analysis of the results is presented along

with a discussion towards the end of this chapter.

Chapter 5 - Semi-supervised Bicluster Analysis of Cancer Tran-

scriptomics Data: It has been observed from Chapter 3 that a knowledge-

driven clustering algorithm improves the cluster quality over an unsupervised

clustering algorithm. Therefore, we propose a semi-supervised biclustering algo-

rithm i.e., Pathway-based Order-Preserving Biclustering (POPBic) algorithm
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Introduction 1.8. Contributions

which is guided by pathway information. Literature suggests that pathway is

more reliable than GO which is demonstrated in this chapter. We evaluate our

algorithm using synthetic and cancer expression data. Like chapter 4, we identify

potential biomarkers. The chapter ends with a discussion on the importance of

semi-supervised biclustering algorithms.

Chapter 6 - Semi-supervised Tricluster Analysis of Cancer Gene

Expression Data: Inspired from the promising results of the semi-supervised

biclustering algorithm in Chapter 5, we outline a pathway-based triclustering

algorithm named Pathway-based Order-Preserving Triclustering (POPTric) al-

gorithm in order to analyze breast cancer GST data. The assessment of the

proposed algorithm is done using both synthetic and breast cancer microarray

gene expression data. A separate method is used to �nd biomarkers from iden-

ti�ed triclusters. The chapter closes with a discussion providing the advantages

and disadvantages of POPTric algorithm with state-of-the-art methods.

Chapter 7 - Conclusion and Future Work: In this chapter, �rst, the

main contribution of the entire thesis is highlighted. Next, strong points of all the

proposed methods are discussed along with the concluding remarks. Finally, we

discuss the shortcomings of all proposed algorithms and possible ways to provide

future directions of our work for further research. In the next chapter, we present

the background of our work.
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2
Background

In the last two decades, analysis of genome-wide transcriptome pro�les has re-

ceived a lot of attention. This chapter aims to describe cluster analysis of tran-

scriptomics data. Here, we introduce mathematical formulations, background

concepts, and de�nitions which is used throughout the thesis. Firstly, we start

by brie�y describing the input data to be used and highlighting the importance

of cluster analysis of biological data in section 2.1. Next, we survey the funda-

mentals of full-space clustering, biclustering, and triclustering which are major

three methodologies used in this thesis along with cluster validation, respectively

in section 2.2, 2.3, and 2.4.

2.1 Introduction

The knowledge about gene expression data may lead to understanding the work

of di�erent types of cells and organisms. It has the potential to unveil the

mechanism of various diseases such as cancer at the molecular level. Hence,

it can identify the disease related genes that can be targeted in personalized

treatment. In the previous Chapter 1, we have provided the necessary back-

ground of gene expression data. Now, we focus on the mathematical notation

of gene expression data. Let, EDm×n be an expression data matrix organized
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Background 2.2. Full-space clustering

in terms of m rows, G = {g1, g2, . . . , gm} and n experimental conditions or

samples, C = {c1, c2, . . . , cn}. Rows represent genes or miRNAs. Each entry

geij ∈ EDm×n of the matrix corresponds to the value of a row gi under a speci�c

column cj, where i = {1, 2, . . . ,m} and j = {1, 2, . . . , n}. The number of genes
is signi�cantly larger than the number of columns.

A popular technique, clustering is used in analyzing the activities of genes

from the pro�les of expression data [164, 174, 265, 275]. The common aim of

the clustering method is to �nd co-expressed, co-regulated, and coherent pattern

genes. If two genes share a similar expression pro�le, then they are called co-

expressed genes [163]. Co-expressed genes have a similar functional category.

Analysis of a group of genes is vital rather than taking a single gene under

consideration. The term co-regulated indicates those genes that are regulated

(up or down) by some common transcription factors (one kind of protein helps

in transcribing process). Co-expressed pattern may also indicate co-regulation

if it has a strong expression pattern [162]. According to Daxin Jiang et al.

[163], a coherent pattern represents the common trend (centroid or mean) of the

expression level of genes in a particular co-expressed cluster. It has been observed

that co-expressed genes reveal coherent patterns indicating similar expression

pro�les and may share similar biological functions [224, 275]. Moreover, co-

expressed genes are regulated by each other or by parent genes [243].

2.2 Full-space clustering

The aim of traditional clustering is to �nd groups of genes with similar behavior

across the entire set of conditions. In general, full-space clustering clusters either

set of G (or C) as objects and set of C (or G) as features. In this context, there

is no well-accepted global de�nition of the term cluster. Traditional or single

dimension clustering which captures a global pattern of data can be classi�ed

into two types, gene-based and sample-based [164]. In gene-based clustering

genes (rows) are treated as objects whereas conditions (columns) are considered

to be features. Sample-based clustering is the opposite of gene-based clustering

where genes are features and conditions are objects. Here, we have focused to

identify gene-based clustering. Next, we discuss some of the details of full-space

clustering algorithms which are employed as the basis of developing algorithms

in this thesis. Before presenting the main algorithmic concepts of full-space

clustering algorithms, we review proximity measures in the next section which

are employed in the clustering methods.
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Background 2.2. Full-space clustering

2.2.1 Proximity measures

The term proximity measure reveals (dis)similarity between a pair of objects x

and y, where x = (x1, . . . , xn) and y = (y1, . . . , yn). The dissimilarity metric

between x and y i.e., Dist(x, y) should satisfy the following conditions.

• Dist(x, y) ≥ 0

• Dist(x, x) = 0

• Dis(x, y) ≤ Dist(x, z) +Dist(z, y), where z is another object

• Dist(x, y) = Dist(y, x)

Choosing an appropriate proximity measure is considered to be a more important

task than choosing the clustering algorithm [158]. There is no complete recom-

mendation about the selection of proximity measures associated with the cluster-

ing algorithm. Pablo A. Jaskowiak et al. [158] have surveyed di�erent proximity

measures useful for clustering of gene expression analysis. In literature di�erent

proximity measures are available such as Pearson Correlation Coe�cient (PCC),

Goodman-Kruskal (GK), Kendall (KE), Spearman (SP), Rank-Magnitude (RM),

and Weighted Goodman-Kruskal (WGK) as correlation coe�cients; Euclidean

distance, Cosine distance (CSD), Minkowski distance as classical measures; and

Jackknife (JCK), Short Time-Series dissimilarity (STD), Local Shape-based Sim-

ilarity (LSS), YR1, and YS1 dissimilarity as time-series speci�c measures have

been used for clustering purpose [158]. Another study of Pablo A Jaskowiak et

al. [157] have shown that appropriate selection of proximity measure can make a

signi�cant di�erence between a meaningful and poor clustering result. First, we

elaborate in the sequel six correlation coe�cients. After that, we discuss three

classical measures and �nally, we review �ve proximity measures, especially pro-

posed for the clustering of gene time-series data.

(I) Correlation coe�cients: Correlation coe�cients are the most commonly

used measures in the clustering of gene expression data. Two genes are said to

be similar if they exhibit similar shapes rather than considering the absolute

di�erence in their values. The correlation coe�cient values range from -1 to 1.

It can be easily converted to the distance measure by subtracting the correlation

value from 1.

Pearson Correlation Coe�cient: The most common metric Pearson

Correlation Coe�cient (PCC) is sensitive in the presence of outliers still it is
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used in many research due to lesser time complexity [158] compared to other

measures. The PCC [164] between two sequences of objects is de�ned as follows,

PCC(x, y) =

∑n
i=1(xi − µx)(yi − µy)√∑n

i=1(xi − µx)2
√∑n

i=1(yi − µy)2
(2.2.1)

where µx and µy are the means of the sequence x and y, respectively.

Spearman: Spearman correlation (SP) can be obtained by Equation

2.2.1, where x and y values are replaced by its rank in their sequences [305]. Due

to the use of ranks, SP measure is less sensitive towards outliers than PCC.

Goodman-Kruskal: Goodman-Kruskal (GK) [119] is a rank-based

measure that takes into consideration the ranks of x and y. It is de�ned by

Equation 2.2.2, where C+ and C− denote the number of concordant and discor-

dant pairs of elements in x and y, respectively. If (xi < xj) and (yi < yj) or

(xi > xj) and (yi > yj), then it is considered to be concordant pair, i.e., relative

order is present in both sequences. On the other hand, inverse relative order is

applied for both sequences to get discordant pairs, i.e., (xi > xj) and (yi < yj)

or (xi < xj) and (yi > yj). Rest of the pairs which are neither discordant nor

concordant are deemed neutrals.

GK(x, y) =
C+ − C−
C+ + C−

(2.2.2)

Kendall Correlation Coe�cient: Kendall Correlation Coe�cient

(KE) is also a rank-based approach and uses the same principle as introduced

in GK [173]. The computation of KE is shown in Equation 2.2.3, where the

denominator is the total number of possible pairs of elements in the sequences.

KE(x, y) =
C+ − C−
n(n−1)

2

(2.2.3)

Weighted Goodman-Kruskal: The weighted Goodman-Kruskal

(WGK) [53] takes into account both the rank and magnitude of the given x

and y and is presented in Equation 2.2.4. The equation 2.2.5 de�nes Ŵij, where

Ŵx
ij and Ŵy

ij are determined by 2.2.6. Ŵx
ij and Ŵy

ij, basically represent the

percentual (signed) di�erence in ith and jth elements of the sequences under con-

sideration. Wij is represented by Equation 2.2.7, where Wx
ij = sign(xi− xj) and
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Wy
ij = sign(yi − yj).

WGK(x, y) =

∑n−1
i=1

∑n
j=i+1 Ŵij∑n−1

i=1

∑n
j=i+1 |Wij|

(2.2.4)

Ŵij =



min{Ŵ
x
ij

Ŵy
ij

,
Ŵy
ij

Ŵx
ij

} if Ŵx
ij, Ŵ

y
ij > 0

max{Ŵ
x
ij

Ŵy
ij

Ŵy
ij

Ŵx
ij

} if Ŵx
ij, Ŵ

y
ij < 0

1 if Ŵx
ij = Ŵy

ij = 0

0 otherwise

(2.2.5)

Ŵa
ij =


ai−aj

amax−amin if amax 6= amin

0 otherwise
(2.2.6)

Wij =


Wx
ij

Wy
ij

if Wy
ij 6= 0

1 Wx
ij = 0 and Wy

ij = 0

0 otherwise

(2.2.7)

Rank-Magnitude: Rank-Magnitude (RM) correlation coe�cient con-

siders two sequences where one sequence is made of ranks and the other one is

composed by real numbers. This is an asymmetric measure as shown in Equation

2.2.8, where rmax =
∑n

i=1 iyi, rmin =
∑n

i=1(n + 1 − i)yi, and R(xi) is the rank

of ith position for sequence x. yi is referred to the ith element of the sequence

by rearranging x in ascending order. Another symmetric version of RM is men-

tioned in Equation 2.2.9 which compares two real valued sequences considering

both rank and magnitude [156].

R̂(x, y) =
2
∑n

i=1 R(xi)yi − rmax − rmin
rmax − rmin

(2.2.8)

RM(x, y) = (R̂(x, y) + R̂(y, x))/2 (2.2.9)

(II) Classical measures: Now, we review some of the commonly used tradi-

tional distance measures.

Cosine distance: The Cosine similarity (CS) [85] or angular separation

is de�ned by Equation 2.2.10 and it is related to PCC with some small di�erences.

CS is interpreted as the normalized inner product between x and y. Basically,

it is the cosine of the angle between two data points with respect to the origin.
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Background 2.2. Full-space clustering

The Cosine distance (CSD) can be calculated as CSD(x, y) = 1− CS(x, y).

CS(x, y) =

∑n
i=1 xiyi√∑n

i=1(xi)2
√∑n

i=1(yi)2
(2.2.10)

Minkowski: It has been found from the literature that Minkowski has

been considered to be the most popular distance measure as de�ned in Equation

2.2.11 [154]. With di�erent parametric values of p we can obtain di�erent distance

measures, such as Manhattan distance for p = 1, Euclidean distance for p = 2.

DM(x, y) =

(
n∑
i=1

|xi − yi|p
) 1

p

(2.2.11)

(III) Time-series speci�c distances: We discuss some of the proximity

measures which are generally used for time-series gene expression data. Let,

t = {t1, t2, . . . , tn} be the time points at which gene expression values are mea-

sured.

Jackknife: We know that PCC is susceptible to outliers. Therefore, to

overcome the shortcoming of PCC, the Jackknife correlation (JCK) is introduced

via reducing the e�ect of single outliers by eliminating values from both the

sequences during the PCC calculation [139]. JCK is represented in Equation

2.2.12, where PCCi(x, y) is the Pearson Correlation Coe�cient of x and y after

removal of ith value. If i = 0, it means that no value has been removed. Moreover,

if outliers are not present in both the sequences then their correlation value is

stable otherwise the value is decreased.

JCK(x, y) = min
0≤i≤n

PCCi(x, y) (2.2.12)

Short Time-Series dissimilarity: Short Time-Series dissimilarity

(STD) computes the distance of two gene time-series data considering the fact

of having n − 1 slopes in time-series [246]. The formula of STD is de�ned in

Equation 2.2.13.

STD(x, y) =

√√√√n−1∑
i=1

(
yi+1 − yi
ti+1 − ti

− xi+1 − xi
ti+1 − ti

)2

(2.2.13)

Local Shaped-based Similarity: The underlying concept behind the

Local Shaped-based Similarity (LSS) is based on the understanding of biological

relationships between genes. It has been observed that similarity between two
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genes may occur locally or in the subspace of the features from the x and y

sequences [25]. LSS is delineated in Equation 2.2.14, which �nds the most similar

subsequences having k size between two time-series sequences. Here, S is the base

similarity of two k sized subsequences between x and y. mink is the minimum

subsequence size which is set to n − 2. Furthermore, LSS gives the maximum

similarity value among the variable size of subsequences.

LSS(x, y) = max
mink≤k≤n

( max
1≤1,j≤n−k+1

(S(x[i, i+ k − 1], y[j, j + k − 1]))) (2.2.14)

YR1 and YS1 dissimilarity: Correlation is unable to capture simi-

larity in gene time-series data. Therefore, to overcome this problem YR1 and

YS1 dissimilarity has been proposed taking into account various information

along with correlation measure [157]. YR1 and YS1 are shown in Equations

2.2.15 and 2.2.16, respectively, where ζ1, ζ2, and ζ3 are weights and should sat-

isfy
∑3

i=1 ζi = 1. YR1 considers PCC, where R(x, y) = (PCC(x, y) + 1)/2 and

YS1 takes into account SP, where S(x, y) = (SP (x, y) + 1)/2. Equation 2.2.17

indicates the comparison of two time-series having n features with n− 1 slopes,

where 2.2.18 provides the de�nition of function L. In Equation 2.2.17, function

F returns 1 for agreement or 0 otherwise. The slope of a gene x is determined

by Equation 2.2.19 for a certain time interval. Moreover, an another agreement

between x and y concerns the minimum and maximum expression values are from

the same timestamps or not. Such concept is presented in Equation 2.2.20.

Y R1(x, y) = ζ1R(x, y) + ζ2A(x, y) + ζ3M(x, y) (2.2.15)

Y S1(x, y) = ζ1S(x, y) + ζ2A(x, y) + ζ3M(x, y) (2.2.16)

A(x, y) =
n−1∑
i=1

F(L(x, i) = L(y, i))

n− 1
(2.2.17)

L(z, i) =


1 if slope(z, i) > 0

−1 if slope(z, i) < 0)

0 if slope(z, i) = 0

(2.2.18)

slope(z, i) =
zi+1 − zi
ti+1 − ti

(2.2.19)
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M(x, y) =


1 if tminx = tminy and tmaxx = tmaxy

0.5 if tminx = tminy or tmaxx = tmaxy

0 if tminx 6= tminy and tmaxx 6= tmaxy

(2.2.20)

2.2.2 Full-space clustering algorithms

This section reviews some of the clustering techniques applied in the �eld of

bioinformatics and their pros and cons. A plethora of clustering algorithms have

been developed in the context of gene expression data for identifying biologically

relevant groups. It can be broadly classi�ed into four major categories: Par-

titional, Hierarchical, Graph-theoretic, and Density-based, which are discussed

below.

(I) Partitional-based clustering approaches: The most fundamental clus-

tering algorithm is a partitional-based clustering algorithm. This type of algo-

rithm partitions the dataset ED containing m genes into K (used de�ned) clus-

ters (K ≤ m) {C1, C2, . . . , CK}, where each data is residing in only one cluster

Ci ∩ Cj = φ. We can comprehend the notion of partitional clustering algorithms

as hard or crisp because each data object belongs to only one cluster. The op-

timal partition is being determined with respect to some objective partitioning

criterion.

The simplest partitional-based algorithm is K-means [226] which is widely

used in gene expression data. Each cluster representative is the mean (centroid)

of all data points residing in the same cluster. The algorithm initiates by choosing

K random centroid from the m data and tries to assign the data to its nearest

centroid based on some dissimilarity measure. It then recalculated the cluster

centroid of each cluster and repeats the procedure until the centroids do not

change or the sum squared error (SSE) as shown in Equation 2.2.21 is minimized

enough.

SSE =
K∑
i=1

∑
g∈Ci

Dist(Oi, g)2 (2.2.21)

Here, g is the data point in the Ci clusters and Oi is the mean or centroid of

the cluster. Though the K-means algorithm is very fast and easy to implement,

it su�ers from several drawbacks. The algorithm su�ers from a prede�ned in-

put parameter determination problem and is unable to �nd the arbitrary shaped

clusters. Here, initial cluster centroids are determined randomly and domain

knowledge is required to predict the appropriate value of K. Another drawback
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of the K-means algorithm is non-robustness, which is very necessary for analyz-

ing noisy gene expression datasets. There are several variations of the K-means

algorithm using soft computing techniques [185, 219, 295, 339]. The limitations

of the K-means algorithm can be overcome by using incremental clustering [349].

At present, datasets are dynamic where new data is added to the existing dataset.

Now, such datasets can not be taken care of by non-incremental clustering al-

gorithms because these algorithms re-cluster the entire data and reduce the ef-

�ciency of the algorithms. In such a scenario, incremental clustering algorithms

will play a critical role to group new data and updating the new cluster with

previous results. Apart from this, the study mentioned in [300] has proposed

a modi�ed K-means algorithm to remove the outliers and enhance the overall

performance of the clustering algorithm.

Self-Organizing Map (SOM) [313] based on an unsupervised arti�cial

neural network, is more robust (cluster a huge amount of noisy data), reasonably

fast, and easy to implement. SOM is �rst proposed by Kohonen [179]. In the

beginning, SOM has a set of nodes with simple topology and a dissimilarity metric

Dist(N1, N2) on the node. During the training procedure iteratively nodes are

mapped into k-dimensional (user given) data space. Let, fi(N) is the position of

node N at iteration i. The initial mapping f0 is random. On the next iteration,

a data point says Q is selected and moving the node NQ to its nearest Q by

Equation 2.2.22.

fi+1(N) = fi(N) + τ(Dist(N,NQ), i)(Q− fi(N)) (2.2.22)

τ is the learning rate which is de�ned by Equation 2.2.23. τ decreases with the

distance between two nodes N and NQ with iteration number i.

τ(x, i) =

 0.02T
(T+100i)

for x = r(i)

0 otherwise
(2.2.23)

T is maximum number of iterations, radius r(i) decreases linearly with i and

becomes 0. SOM is a topology-preserving neural network and it depends on the

initial grid structure (hexagonal, rectangular, grid, ring, lines). Though it has

several drawbacks, SOM is successfully used in several gene expression studies

[49, 60, 131, 140, 258, 310, 331].

Recently, Abu-Jamous and Kelly have proposed a partition-based

method, named Clust [1]. The aim of this algorithm is not to consider the whole

set of input data to be partitioned into clusters, instead, it identi�es subsets that
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are assigned to clusters.

(II) Hierarchical clustering approaches: Hierarchical clustering (HC) algo-

rithm produces a group of nested clusters forming a tree like structure called

dendrogram rather than forming a set of disjoint clusters like a partitional algo-

rithm. Unlike the partition-based clustering approach, we do not have to assume

a �xed number of clusters, rather we can get any number of clusters by cutting

the dendrogram at a proper level. The variation of HC is of two types agglom-

erative and divisive. Agglomerative is a bottom-up approach where each data

object is considered to be a single cluster. Two data objects are merged based on

single linkage, average linkage, centroid linkage, or complete linkage. The process

continues until all data points are merged into a single cluster. Whereas the di-

visive approach is just the opposite of the former one, it is a top-down approach.

It starts with all data objects as a single cluster, data points are split to meet

some heuristic criteria, until singleton clusters remain. HC �nds a similar pat-

tern and displays the result graphically which is easy to interpret for biologists.

The problem associated with the hierarchical algorithm is its high computational

complexity splitting or merging of each step takes m2−m
2

times. The total time

complexity of the agglomerative clustering algorithm is O(m2 log(m)). HC is a

greedy approach, where once a decision has been taken, it can never be changed.

Another drawback of HC is the lack of robustness.

Unweighted Pair Grouping Method (UPGMA) [95] is an agglomerative

hierarchical approach based on the average linkage method. At the beginning

of the algorithm, the similarity matrix is being created using PCC. The highest

value of the matrix is being considered as the most similar pair of genes. These

two genes are grouped and replaced by a single node. The gene expression

matrix is computed by averaging recently joined genes. The similarity matrix is

then updated and the same process is repeated until only one element remains.

The HC with heatmap visualization of Michael B. Eisen [95] is widely used in

analyzing gene expression data.

Pj(gq) = exp
−β|gq −Oj|2∑

j exp(−β|gq −Oj|2)
(2.2.24)

Alon et al. [7] have proposed a divisive HC based on Deterministic-

Annealing Algorithm (DAA) [285]. Initially, two cluster centroids are chosen

randomly, say Oi and Oj. The gene expression pattern of gene q is represented

by gq. The probability of gene gq to be in the cluster j is assigned according
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to the Gaussian model represented in Equation 2.2.24. The centroid is updated

iteratively by Equation 2.2.25.

µj =

∑
q gqPj(gq)∑
Pj(gq)

(2.2.25)

To solve Pj and Oj, an iterative process is applied. There is one cluster i.e.,

O1 = O2 if β = 0. β value is increased slowly until it reaches a threshold in order

to get two distinct, converged centroids. The procedure is repeated by splitting

the whole dataset until we get a single gene in each cluster.

Contrary to the hierarchical clustering algorithm, the Self Organising

Tree Algorithm (SOTA) is a divisive approach, where the clustering process

is performed from top to bottom i.e., highest levels are resolved �rst before

the lowest level [138]. SOTA is an unsupervised neural network that grows by

adopting binary tree topology. As SOTA combines the good features from both

the neural network of SOM and hierarchical clustering, that is why it can easily

overcome the problem associated with the classical hierarchical approach. The

algorithm initiates with a binary tree with a root node and two leaves, each of

them represents a single cluster. Then the tree grows by converting the leaf

with the largest resources into the node and attaching two new leaves to it.

The resource of each cluster is calculated by the mean value of distance among

a cluster and the expression pro�les genes associated with it. The number of

clusters can be determined by stopping the growth of the tree after some speci�c

number of loops. The interesting feature of the SOTA algorithm is its linear

time complexity. But it is slower than UPGMA. Other algorithms which follow

a similar strategy are Dynamically Growing Self-Organising Tree (DGSOT) [221]

and Growing Hierarchical Tree SOM (GHTSOM) [111].

(III) Density-based clustering approaches: The density-based clustering

approach separates the highly dense region from low density regions. The

well-known Density-Based Spatial Clustering of Applications with Noise (DB-

SCAN) [101] can �nd clusters of arbitrary shapes in the presence of noise. The

main concept of the DBSCAN algorithm is directed by two de�nitions, such as

density-connectivity and density-reachability [101]. The algorithm depends on

the user-de�ned parameters: neighborhood distance dn and the minimum num-

ber of points in a cluster mp. The algorithm starts with a random point, say x

which is not visited and all density-reachable data are retrieved with respect to

dn and mp. If x is a core point (minimum number of points mp within its dn
distance), then a cluster is formed. If x is a border point then no data is found
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to be density-reachable from x. Therefore, it visits the next point. The process

is repeated until all points are visited once. The problem associated with this

kind of algorithm is its dependency on input parameters and high computational

complexity.

An extension of DBSCAN is Prototype-Based Modi�ed DBSCAN (MDB-

SCAN) [94] which handles gene expression data. The �rst step of the MDBSCAN

algorithm is to apply any squared error clustering algorithm such as K-means on

the dataset in order to get K number of clusters. The centroid of each cluster

is considered as a prototype and thereafter DBSCAN algorithm is applied to

these prototypes. The main advantage of MDBSCAN is the elimination of extra

computation of distance with the help of a prototype and can handle noise in the

dataset.

Daxin Jiang et al. [162] have proposed an algorithm called Density-

Based Hierarchical Clustering (DHC) which actually solves the problem of the

density-based clustering approach and visualize the internal structure of clusters

by graphical representation. The development of the DHC algorithm is based

on the notion of two concepts �density� and �attraction�. The key idea of the

DHC algorithm is to �nd clusters with high-dimensional dense areas where data

are attracted to each other. DHC organizes the data in two levels hierarchical

structure. �Attraction tree� is constructed in the �rst level, which is used to

represent the relationship between data points in the dense region. Every node

of the tree presents data and the parent of each node denotes the attractor.

The root of the attraction tree has the highest density in the dataset. The data

structure becomes very complicated for large datasets and it is hard to interpret

for large datasets of the attraction tree. In order to avoid this situation authors

have developed a density tree in the second level to represent the cluster structure

of the attraction tree. In the density tree, each node of the tree represents a dense

area. Initially, the root node of the density tree represents the whole dataset as

a single dense area. The dense area is further split into sub-dense areas based

on some criteria. This process is repeated until each sub-dense area contains a

single cluster. DHC is robust in the presence of noise and it is scalable to handle

large datasets. Some other algorithms of this category are DGC [74], OverDBC

[238], Bayesian-OverDBC [239] etc.

(IV) Graph-theoretic clustering approaches: The key goal of the graph-

theoretic approach is to partition the data into subgraphs with the help of some

geometric property. From the given dataset, we can make a proximity matrix

and a weighted graph or proximity graph G(V,E) from the matrix. The nodes V
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of the graph are genes and edges E are the connection between two genes. The

weighting scheme di�ers from algorithm to algorithm. This approach can easily

handle the outliers and does not depend upon the parameter which determines

the number of clusters.

Amir Ben-Dor et al. [33] have proposed a graph-theoretic algorithm for

gene expression data Cluster A�nity Search Technique (CAST) which introduces

an idea of corrupted clique graph model. CAST algorithm takes an m×m real-

valued similarity sim matrix and a user-de�ned a�nity threshold tr as input.

The a�nity of data say d with respect to the current cluster Copen is de�ned as

the sum of the similarity measure between d and all the data residing in cluster

Copen, af(d) =
∑

x∈Copen sim(d, x). Initially Copen is empty, the data point is added

to the current cluster if d has high a�nity i.e., af(d) ≥ tr|Copen| and removes the

data point if it has low a�nity. Adding and removing phases are simultaneously

executed until Copen stabilizes and again restarts the process with a new cluster.

Thus only one cluster is constructed at a time. The CAST algorithm provides

several advantages; such as the number of clusters is not required apriori and

identi�es outliers from noisy data. But it needs proper tuning of the a�nity

threshold value, tr.

CAST algorithm has two drawbacks- i) the user-de�ned a�nity threshold

value and ii) the cleaning step is required to de�ne the position of the data points

among all the clusters. Abdelghani bellaachia el al. [30] overcome the problem

of threshold calculations CAST by proposing Enhanced-CAST (ECAST) which

dynamically calculates the threshold value at the starting of every new cluster.

The threshold value is calculated by Equation 2.2.26.

tr = (

∑
i,j∈U ′and sim(i,j)≥0.5 sim(i, j)− 0.5

|u : u ∈ U ′and af(u) ≥ 0.5|
) + 0.5 (2.2.26)

U considers the total genes to be clustered and U ′ are those genes which are yet

to be clustered, U ′ = U \ (C1 ∪C2 ∪ . . .∪CK). The similarity value sim above 0.5

has been tested over several datasets and gives good results.

CLuster Identi�cation via Connectivity Kernels (CLICK) [293] does not

depend upon the number of clusters and discovers �true� clusters via the graph-

theoretic method and statistical techniques. The basic concept of the CLICK

algorithm is to iteratively split the weighted graph into components with the

help of a minimum cut. To assign the weight of the edge and the stopping

criteria of splitting some probabilistic computation is used.
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The review of full-space clustering algorithms is not restricted to the

above-mentioned four categories. Literature is �ooded with di�erent full-space

clustering algorithms. Further, it can be divided into soft clustering, multi-

objective optimization methods, grid-based method, model-based methods which

are beyond our scope of research. We refer interested readers to know more about

clustering algorithms to [164, 174, 265, 275].

2.2.3 Cluster evaluation methods

Clustering algorithms will produce output with respect to the input data pro-

vided. It may be also possible that the algorithm discovers clusters even if data

has no �true� clusters. In real data, it is not possible to know the number of

clusters present in the data beforehand. Therefore, cluster validation is useful

in order to avoid spurious or misleading clustering results. This is one of the

most challenging parts of clustering. Clustering validation methods as used to

evaluate the clusters in an objective and quantitative manner [154].

The issue associated with clustering is to select the best algorithm as

well as the best setting of parameters. These issues can be addressed by cluster

validation technique assuming the presence of clusters in the input data. In

this context, evaluation methods help researchers to �gure out the �nal solution

for further analysis. The cluster validation technique is classi�ed into two parts

internal and external validation. In this section, we review some of the validation

techniques.

(I) Internal validation: Internal validation evaluates the clustering solution

with the help of the given partition and the data, without using any external

information. A rich variety of validation indices can be found in the literature.

Next, we review a collection of such indices.

Mean Squared Error: Within-cluster dispersion is measured by Mean

Squared Error (MSE) [1]. Let, us consider that the clusters of any algorithm is

C = {C1, C2, . . . , CK}. If a cluster Ci has p number of genes and n number columns

of each gene then MSE of a cluster is calculated using Equation 2.2.27.

MSE(Ci) =
1

n× p

p∑
j=1

||−→gj −−→z || (2.2.27)

−→gp is the expression pro�le of pth gene in this cluster, −→z is the average expression

pro�les of all genes belonging to that cluster, and ||−→gi − −→z || is the euclidean

distance between these two vectors.
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Davies Bouldin: The Davies Bouldin (DB) [75, 84] is the mean value of

all clusters and is de�ned as in Equation 2.2.28, where δi is intra cluster distance

whereas ∆ij is the inter cluster distance between clusters Ci and Cj.

DB(C) =
1

K

K∑
i=1

maxj 6=i(
δi + δj

∆ij

) (2.2.28)

The intra cluster distance is computed by the data belonging to a cluster Cj to
their barycenter O{j} which is a row vector as given below, where cluster Cj can
be represented by a submatrix M{j} and Ij is set of indices of all genes present

in this cluster.

δj =
1

|Cj|
∑
a∈Ij

||M{j}
a −O{j}|| (2.2.29)

The submatrixM{j} can also be denoted asM{Ij}. The inter cluster distance ∆ij

is the distance between the centroids Oi and Oj of clusters Ci and Cj as presented
in Equation 2.2.30.

∆ij = d(O{i},O{j}) = ||O{j} −O{i}|| (2.2.30)

Ball-Hall: The Ball-Hall (BH) index measures the mean dispersion of

a cluster which formally means the squared distance of the data residing in a

cluster to their centroid [26, 84]. The mathematical formula of Ball-Hall for mean

through all clusters is indicated by Equation 2.2.31, where nk is the cardinality

of a cluster.

BH(C) =
1

K

K∑
k=1

1

nk

∑
b∈Ik

||M{k}
b −O{k}||2 (2.2.31)

Let us consider the total number of distinct pairs in the dataset be NT = N(N−1)
2

,

where N =
∑K

k=1 nk. In a cluster Ck, the number of distinct pairs is nk(nk−1)
2

.

Therefore, the total number of such pairs is NW shown in Equation 2.2.32.

NW =
K∑
k=1

nk(nk − 1)

2
(2.2.32)

C index: The C index (CI) is de�ned as mentioned in Equation 2.2.33

[84, 146].

CI =
SW − Smin
Smax − Smin

(2.2.33)

Inside a cluster, the sum of NW distances between all pairs of points is denoted
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by SW . Among all NT pairs in the entire dataset, Smin takes the sum of NW

smallest distances whereas Smax takes the sum of NW largest distances.

Dunn's index: Dunn's index (DI) is the quotient of minimum distance

among data points of the di�erent clusters to the maximum within-cluster dis-

tance [92]. It is de�ned in Equation 2.2.34.

DI =
mink 6=k′(mini∈Ik,j∈Ik′ ||M

{k}
i −M{k′}

j ||)
max1≤k≤K(maxi,j∈Ik,i 6=j||M

{k}
i −M{k}

j ||)
(2.2.34)

Xie Beni: Xie Beni (XB) index is proposed for fuzzy clustering, however,

it is also used for crisp clustering [344]. XB index is the ratio of mean quadratic

error to minimum minimal squared error distances between data points belonging

to a cluster. XB can be written by Equation 2.2.35, where O{k} is the barycenter
of the cluster.

XB =
1

N

∑
i∈Ik ||M

{k}
i −O{k}||

mink,k′(mini∈Ik,j∈Ik′Dist(Mi,Mj)2)
(2.2.35)

(II) External validation: To test the performance of cluster solution, external

validation can be used if the �ground truth� of cluster structure is present. In

this section, we will present some of the well known and popularly used external

measures in the literature. Let, us again consider the clustering results C =

{C1, C2, . . . , CK}. We can construct a binary matrix B of size m ×m, where m

is the number of genes. If two genes gi and gj belong to the same cluster then

Bij = 1, otherwise Bij = 0. In the similar manner we can create a binary matrix

P for �ground truth� also P = {P1,P2, . . . ,Ps}. Further, we can represent the

following notations:

(a) z00 denotes the number of genes pairs (gi, gj), where Cij = 0 and Pij = 0.

(b) z01 represents the number of genes pairs (gi, gj), where Cij = 0 and Pij = 1.

(c) z10 is the number of genes pairs (gi, gj), where Cij = 1 and Pij = 0.

(d) z11 shows the number of genes pairs (gi, gj), where Cij = 1 and Pij = 1.

Here, z00+z01+z10+z11 = Z which is the maximum number of all pairs in dataset

and Z = m(m−1)
2

, where m is the total number of data points. Aforementioned

notations are used to de�ne following indices to measure the degree of similarity.

Rand index:

RI =
z11 + z00

z00 + z01 + z10 + z11

(2.2.36)
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Jaccard coe�cient:

Jc =
z11

z01 + z10 + z11

(2.2.37)

Adjusted Rand index:

ARI =
z11 − (z11+z10)(z11+z01)

Z
(z11+z10)(z11+z01)

2
− (z11+z10)(z11+z01)

Z

(2.2.38)

Minkowski measure:

Minkowski =

√
z10 + z01

z11 + z01

(2.2.39)

Folkes and Mallows index:

FM =

√
(

z11

z11 + z10

)× (
z11

z11 + z01

) (2.2.40)

Rand index (RI) [281] and Jaccard coe�cient (Jc) as shown in Equations

2.2.36 and 2.2.37, respectively estimate the agreement (consistent classi�cation)

between C and P. The value of both the metrics lies between 0 and 1. Both

the metrics give maximum value when K = s. The rationale behind the Jc is

essentially the same as RI, except the absence of the term z00. RI gives im-

portance to z00 and z11, thus it can not make distinctions between two objects

whether they are separated or joined in both the original and evaluated partition

[324]. This observation suggests removing the term z00 in Jc. One of the main

disadvantages of RI is that it is not �corrected for chance�, which means RI does

not give 0 while considering random partitioning [324]. To overcome this short-

coming, Hubert and Arabie [145] have proposed Adjusted Rand index (ARI) as

de�ned in Equation 2.2.38. ARI is actually normalized to get 1 value when the

partition is perfect and 0 while the partition is by chance. Minkowski is de�ned

in Equation 2.2.39, which measures the proportion of disagreement to the total

number of gene pairs (gi, gj) where both the genes share the same original class

[164]. Minkowski also ignores z00 term, hence like Jc, Minkowski is useful in gene-

based clustering. The term z00 dominate the remaining three terms in �good�

and �bad� solutions. Equation 2.2.40 represents Folkes and Mallows index (FM).

Higher FM value signi�es better clustering result and exhibits strong similarity

in between C and P.

Biological validation: Another important part of external evaluation is bio-

logical validation. The necessity of biological validation is to check whether the
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genes belonging to the same cluster are biologically related or not. It function-

ally analyzes the identifying biological function based on functional annotation

on the clustered data. Clusters should not form by chance, they should re�ect

the biological relevancy and reliability [275]. To determine the reliability it is

necessary to validate using external biological databases and compare with other

algorithms [275]. For comparing the e�ectiveness of various clustering algorithms

the standard methodology, enrichment analysis of groups of genes based on GO

and KEGG pathway enrichment has been popularly used. One of the applications

of cluster analysis is gene function prediction.

Enrichment analysis assigns a biological name to a set of genes. Previ-

ously, to assign the function of a gene, each gene product is studied individually,

but nowadays the job is easier with existing tools. GO database allows the

researcher to assign attributes on gene sets, which is generated by clustering

methods. It helps biologists to infer about the groups of genes rather than in-

vestigating genes individually. To statistically validate the GO terms associated

with a group of genes, the p-value is used. According to Gene Ontology Consor-

tium p-value is de�ned as �the probability or chance of seeing at least x number

of genes out of the total z genes in the list annotated to a particular GO term,

given the proportion of genes in the whole genome that are annotated to that GO

Term�. This is calculated using Equation 2.2.41 as follows, where A represents

the total number of genes available in the genome and f is the genes present in

the functional category.

p = 1−
x−1∑
i=0

(
f
i

)(
A−f
z−i

)(
A
z

) (2.2.41)

Smaller probability (less than signi�cant cut-o�) indicates a more signi�cant

cluster. KEGG pathway analysis is used to �nd the clusters of co-expressed

genes which share the same pathway.

We have surveyed various indices regarding the internal and external

validations. But, there are several others validation indices. We provide further

reference for more validation indices [84]. Above all, validation still remains the

most challenging task. Jain and Dubes [154] state in their book on clustering

that �The validation of clustering structures is the most di�cult and frustrating

part of cluster analysis. Without a strong e�ort in this direction, cluster analysis

will remain a black art accessible only to those true believers who have experience

and great courage�. Despite the success of clustering methods in di�erent �elds,

the above-mentioned line is still true after 30 years. There is no well-accepted

method that can be used to serve this purpose. Hence, there is always a demand
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for improvements and new validation methods. But this is not the scope of our

thesis.

2.3 Biclustering

Even though the advantages of using clustering algorithms for expression data are

many, it still su�ers from limitations. The ine�ciency of traditional clustering

algorithms in extracting local structures inherent in the data due to their focus

on �nding global patterns has given rise to biclustering algorithms and is highly

explored for analyzing transcriptomics data.

De�nition 2.3.1 From a given gene expression data EDm×n, a bicluster

β(I,J ) = {geij, i ∈ I, j ∈ J } (submatrix) corresponds to a subset of rows

I ⊆ G showing some coherent tendency under a subset of conditions J ⊆ C.

The main goal of biclustering algorithms is to �nd a set of biclusters βk(Ik,Jk),
for k = {1, 2, ..., K}, where K is the total number of biclusters.

2.3.1 Bicluster types

The key feature of a biclustering algorithm is to identify various types of biclus-

ters, viz. (i) constant valued bicluster, (ii) row-constant valued bicluster, (iii)

column-constant valued bicluster, (iv) coherent valued bicluster, and (v) coher-

ent evolution bicluster. Figure 2.1 depicts di�erent bicluster types.

(i) A constant valued bicluster exhibits similar expression values in a group of

genes under a group of conditions. A perfect constant bicluster β(I,J ) has equal

values (const) in every cell of the bicluster, as given by Equation 2.3.1.

β(I,J ) = {geij = const, i ∈ I and j ∈ J } (2.3.1)

(ii) A constant row bicluster β(I,J ) has same value for all the elements of each

row. A perfect constant row bicluster can be additive (shifting) as given by

Equation 2.3.2 or multiplicative (scaling) as given by Equation 2.3.3, where ai
and bi are the additive and multiplicative coe�cients of ith row, respectively.

Shifting pattern of a gene expression row can be obtained by both addition or

subtraction of constant values from the pattern.

β(I,J ) = {geij = const± ai, i ∈ I and j ∈ J } (2.3.2)
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β(I,J ) = {geij = const× bi, i ∈ I and j ∈ J } (2.3.3)

(iii) A constant column bicluster β(I,J ) has the same value for all the elements

of each column. A perfect constant column bicluster can be represented by Equa-

tion 2.3.4 or Equation 2.3.5, where cj and dj are the additive and multiplicative

coe�cients of jth column, respectively.

β(I,J ) = {geij = const+ cj, i ∈ I and j ∈ J } (2.3.4)

β(I,J ) = {geij = const× dj, i ∈ I and j ∈ J } (2.3.5)

(iv) Coherent valued bicluster captures the complex relationship between subset

of genes in association with subset of columns. The coherent values of the ad-

ditive pattern can be expressed in Equation 2.3.6, where each row and column

has some shifting coe�cients ai and cj, respectively. The notation for multiplica-

tive pattern is de�ned in Equation 2.3.7, where each row and column has some

scaling coe�cient bi and dj, respectively. Coherent valued bicluster also may

include both the additive and multiplicative patterns together, where each row

and column has both shifting and scaling coe�cients. Mathematical formula of

a perfect additive multiplicative pattern is shown in Equation 2.3.8.

β(I,J ) = {geij = const+ ai + cj, i ∈ I and j ∈ J } (2.3.6)

β(I,J ) = {geij = const× bi × dj, i ∈ I and j ∈ J } (2.3.7)

β(I,J ) = {geij = const× bi × dj + ai + cj, i ∈ I and j ∈ J } (2.3.8)

Equation 2.3.8 corresponds to the most general situation, while the other math-

ematical notations discussed before are only the special cases that can be easily

derived from it.

(v) A coherent evolution bicluster captures the subgroup of up-regulated or down-

regulated genes under a subgroup of conditions regardless of the exact expression

values. This type of pattern does not obey any mathematical formula.

2.3.2 Bicluster structures

Biclustering algorithms can also be classi�ed based on their underlying structure,

i.e., how the rows and columns are incorporated in the formation of the bicluster

from the input data. Pontes et al. [277] de�ne the structure of a bicluster

according to the following categories.
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(a) (b) (c)

(d) (e) (f)

Figure 2.1: Example of di�erent types of biclusters. (a) Constant, (b) Row-
constant, (c) Column-constant, (d) Additive, (e) Multiplicative, and (f) Additive-
multiplicative patterns.

(i) Row exhaustive: Every gene should reside in at least one bicluster.

(ii) Column exhaustive: Every condition should belong to at least one biclus-

ter.

(iii) Non-exhaustive: Genes and conditions may not be a member of any bi-

cluster.

(iv) Row exclusive: Each gene in the data matrix may belong to atmost one

bicluster (Figure 2.2 (c)).

(v) Column exclusive: Each condition in the data matrix may belong to at-

most one bicluster (Figure 2.2 (d)).

(vi) Non-exclusive: In this category the obtained biclusters can be overlapped

i.e., more than one biclusters share genes or conditions.

An ideal structure of a bicluster should be non-exclusive or non-exhaustive. Be-

side these major structures biclusters can be further divided into single bicluster

(Figure 2.2 (a)), non-overlapping biclusters with tree (Figure 2.2 (e)), checker-

board structure (Figure 2.2 (f)), non-overlapping biclusters non-exclusive group

of biclusters (Figure 2.2 (g)), overlapping biclusters having hierarchical structure

(Figure 2.2 (h)), and arbitrary positioned biclusters (Figure 2.2 (i)) [227].
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(a) (b) (c) (d) (e)

(f) (g) (h) (i)

Figure 2.2: The structure of biclusters (a) Single bicluster, (b) Exclusive rows and
columns, (c) Exclusive rows, (d) Exclusive columns, (e) Non-overlapping with
tree structure, (f) Checkerboard structure, (g) Non-exclusive non-overlapping,
(h) Overlapping biclusters with hierarchical structure, and (i) Arbitrary posi-
tioned overlapped biclusters.

2.3.3 Biclustering algorithms

Biclustering is an optimization problem. Most of the algorithms try to search

the patterns using di�erent heuristic strategies or searching criteria instead of

exhaustive algorithms. Therefore, it has been proved to be an NP-hard problem.

The term biclustering is �rst introduced by Hartigan [129]. Morgan and Sonquist

[248] and Hartigan [129] have proposed the concept of data partitioning into

submatrices with approximately constant values. Cheng and Church (C&C) [64]

coined the concept of biclustering algorithm in the context of gene expression

data in the year 2000. After that, a good number of biclustering algorithms have

been developed which can be found in several survey papers [99, 112, 199, 227,

251, 262, 277, 287, 315]. However, all biclustering algorithms are not equally

e�ective.

Most authors categorize the biclustering algorithms considering various

criteria like the type of biclusters generated, bicluster patterns, the structure of

biclusters, searching methods used [227], a mathematical formula used to identify

di�erent types of biclusters [262], evaluation measures applied [277] and type of

input matrices [110]. Two kinds of surveys have been reported, one based on

the theoretical perspective [112, 227, 251, 277, 287, 315] and the other based on

empirical study or quantitative comparison [66, 99, 199, 262, 266, 278]. From

the vivid description of biclustering, these algorithms can be broadly categorized

into �ve distinct types, (I) Greedy iterative search (GIS), (II) Graph-based (GB),

(III) Divide and conquer (DAC), (IV) Linear algebraic, and (V) Distribution
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parameter identi�cation (DPI) approach.

(I) Greedy iterative search: The basic idea behind the GIS approach is to cre-

ate biclusters by addition/removal of rows(genes)/columns(conditions) to/from

the data matrix using certain optimization function [227]. This strategy is well

suited for large scale data [251] and gives results within a satisfactory amount of

time. The notable drawback of this approach is to get stuck into the local optima

due to the beginning con�guration. This type of heuristics never ensures to get

a global optimum solution. So, it may miss some of the good biclusters. C&C

[64], FLOC (Flexible Overlapped biClustering) [353], OPSM (Order-Preserving

Sub-Matrices) [32], xMOTIFs (Conserved gene expression Motifs) [252], Maxi-

mum Similarity Bicluster (MSB) [217], S4VD (Sparse Singular Stability Selection

Value Decomposition) [302], and UniBic [337] biclustering algorithms follow GIS

approach.

C&C [64] seeks to �nd a list of K number of biclusters with low variance

from a given expression matrix by evaluating the quality of biclusters using Mean

Square Residue (MSR) [64]. This coherence measure of a bicluster β(I,J ) is

de�ned by Equation 2.3.9, where geiJ = 1
|J |
∑

j∈J geij, geIj = 1
|I|
∑

i∈I geij, and

geIJ = 1
|I|×|J |

∑
i∈I,j∈J geij = 1

|I|
∑

i∈I geiJ = 1
|J |
∑

j∈J geIj is column subset

average, row subset average, and submatrix average, respectively.

MSR(β) =
1

|I| × |J |
∑

i∈I,j∈J

(geij − geIj − geiJ + geIJ )2 (2.3.9)

MSR metric successfully �nds constant, row-constant, column-constant, and co-

herent additive patterns only. It is not suitable for additive-multiplicative pat-

terns [3, 47]. The algorithm begins with the whole matrix and is done with two

phases: deletion phase and addition phase to get a single bicluster. In the �rst

phase, the matrix starts removing rows and columns in order to keep the MSR

value less than δ (threshold) i.e., to get the high residue of the matrix. In the

next step, the rows or columns are added back to the matrix such that the MSR

value does not increase. The values of the recently identi�ed bicluster are substi-

tuted with random values to prevent the overlapping among the biclusters and

this matrix is again used in C&C algorithm. To get K biclusters the procedure is

repeated for K times. The drawback of C&C algorithm is masking with random

values after �nding one bicluster, the threshold value (depends on the dataset),

discovering one bicluster at a time. A bicluster is called δ-bicluster if MSR ≤ δ,

where δ ≥ 0. Yang et al. [351, 353] propose a δ-cluster which captures the strong

coherence between a subset of genes across a subset of conditions rather than
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considering the physical closeness via minimizing the residue value. It allows the

missing values and uses random masking after discovering a bicluster using C&C

algorithm.

Authors also contribute a move-based algorithm called FLOC to identify

high accuracy biclusters. An improved version of the FLOC algorithm can be

found in [352] using probabilistic FLOC algorithm. FLOC follows the same algo-

rithmic strategy as C&C. It starts with a set of initial biclusters and iteratively

improves the quality of biclusters in terms of lower MSR value by addition and

removal of row and column at a time. The algorithm stops when no change oc-

curs which improves the overall quality of the biclusters. This algorithm prefers

bigger biclusters.

Ben Dor et al. in [32] searches for OPSM i.e., a subset of genes having the

same order for a subset of experimental conditions. In other words, a bicluster

is de�ned as a set of expression values having the same linear ordering across

a subset of columns. A greedy method is applied to �nd highly statistically

signi�cant and large biclusters.

Murali and Kasif [252] propose a representation of gene expression data

named xMOTIFs where a subset of genes are simultaneously conserved under a

subset of conditions in the discretized data [252]. A gene expression level is said

to be conserved under a set of samples when the expression level is in the same

state across all the samples. The main goal of xMOTIFs is to �nd genes having

the same state under the samples of the seeds (selection of columns randomly)

and the discriminating set (selection of a set of columns randomly). For every

gene, a list of intervals representing the states is determined using the statistical

signi�cance of intervals in accordance with uniform distribution. The algorithm

adds some factors to its de�nition i.e., size, conservation, and maximality in order

to avoid too large or too small biclusters.

Liu and Wang [217] propose a polynomial time algorithm which can de-

tect additive and constant optimal biclusters with maximum similarity score,

known as MSB. The algorithm contributes several advantages- (i) no require-

ment of discretization of the original dataset, (ii) good performance on overlap-

ping clusters, and (iii) doing well in additive biclusters. MSB starts with the

whole data matrix as a bicluster and iteratively removes row or column in order

to �nd biclusters with a maximum similarity score. The process continues until

one element is left in the bicluster. The limitation of the MSB algorithm is that

it works only with square biclusters. To overcome this drawback, the authors

presented another algorithm known as RMSBE (Randomized Maximum Similar-
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ity Bicluster Extension) [217] which is relatively faster than MSB. The algorithm

calculates the average similarity score via multiple scans of data for identifying

biclusters as well as the selection of reference genes.

S4VD is proposed by Sill et al. [302], where stability selection method was

incorporated in Sparse Singular Value Decomposition (SVD) approach to improve

the quality of biclusters. Stability selection is actually a variable section based on

sub-sampling which controls type I error rate. The sub-sampling method helps

to obtain stable biclusters and estimates the selection probability of genes and

conditions to be present in the biclusters.

The key principle of the UniBic [337] algorithm is to apply Longest Com-

mon Subsequence (LCS) between a selected pair of rows over an indexed matrix

which is a result of permutation of columns on input matrix for locating the

seed of each bicluster. Then, the algorithm expands the bicluster by adding

columns/rows to get approximately trend preserving bicluster. The number of

biclusters is speci�ed by the user.

(II) Graph-based: Graph-based algorithms normally represent the input data

as a bipartite graph consisting of two sets of vertex conditions and genes, re-

spectively. The edge of a graph denotes the over-expression or under-expression

of a gene under certain conditions. The problem can be formulated to �nd the

subgraph from a bipartite graph. Before applying an algorithm the dataset must

be discretized. It also doesn't work well for large datasets. In this section,

we describe di�erent graph-based biclustering algorithms, SAMBA (Statistical-

Algorithmic Method for Bicluster Analysis) [314], QUBIC (QUalitative BI-

Clustering algorithm) [196], and HOCCLUS2 (Hierarchical Overlapping Co-

CLUStering2) [273].

A polynomial-time algorithm SAMBA [314] is based on a graph-theoretic

approach coupled with statistical considerations and guaranteed to �nd a sub-

group of genes jointly responding across a subgroup of conditions. In the SAMBA

framework, input gene expression data is modeled as a bipartite graph, where

one set of vertices is responsible for genes, another set of vertices corresponding

to the conditions and edges are referred to as signi�cant expression changes. Two

statistical models, a simple model and a re�ned model is presented here for the

resulting graph. The weights of the vertex pairs are assigned according to the

aforementioned probabilistic model, which assures �nding the maximum weight

subgraph corresponding to a signi�cant bicluster with maximum likelihood.

QUBIC [196] can solve a biclustering algorithm utilizing both qualitative
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(or semi-qualitative) measures of expression data and a combinatorial optimiza-

tion technique. QUBIC [196] can identify statistically signi�cant biclusters and

both positive as well as negatively correlated expression patterns. In this method,

the gene expression data is represented in an integer-valued matrix. The algorith-

mic framework starts by constructing a weighted graph. The weight of an edge

is stated as the number of columns where two genes have an identical nonzero

integer. The goal of the QUBIC algorithm is to �nd the maximal bicluster with

a higher consistency level. The consistency level is interpreted as the minimum

ratio between the number of identical nonzero integers in a column and the total

number of rows in the submatrix. The biclusters are identi�ed from the recently

constructed weighted graph one by one. The algorithm begins with the initial

bicluster based on seeds which is initially a set of the sorted list of edges and

then go on expanding iteratively in both the horizontal and vertical directions

without violating the consistency level.

HOCCLUS2 [273] can be described as the extraction of initial bicliques.

The steps involved in this algorithm are (i) extraction of non hierarchically orga-

nized bicluster, (ii) overlap identi�cation and merging, and (iii) providing ranks

to the extracted biclusters.

(III) Divide and Conquer: The strategy of DAC is to divide the whole problem

into smaller subproblems with a similar structure to the actual problem until the

subproblems are su�ciently small enough. The solutions of the subproblems are

merged to get the result of the original problem. The advantage of the DAC

approach is very fast but the problem regarding this approach is that it can

miss some signi�cantly good biclusters when it splits the data before it can be

identi�ed. One of the leading examples of DAC is BiMax [278]. Here, before

applying the main algorithm, the input matrix needs to be binarized. It �nds

the bicluster as a rectangle of 1's from the binary matrix. BiMax initiates the

whole matrix and starts dividing the matrix into checkerboard format.

A novel Bit-Pattern Biclustering algorithm (BiBit) has been proposed

to extract biclusters from a binary matrix [284]. The algorithmic strategy of

BiBit is to apply the AND operator over all possible row pairs so that it can �nd

maximal biclusters.

(IV) Linear algebraic: ISA (Iterative Signature Algorithm) [152] and Bic-

SPAM (Biclustering based on Sequential PAttern Mining) [134] utilize linear

algebra with the help of vector space and linear mapping to �nd the correlated

submatrix from the given input.
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Bergmann et al. [152] propose a biclustering algorithm ISA and de�ne

a signi�cant bicluster as a transcription module identi�ed from the given gene

expression data matrix. A set of co-regulated genes and a set of experimental

conditions makes a self-consistent regulatory unit called a transcription module.

The algorithm uses two thresholds: the average value of each column of a bicluster

should be above TC and the average value of each row of a bicluster should

be above TG, where TC and TG are two thresholds. The signature algorithm,

Singular Value Decomposition (SVD) is employed to identify the transcription

module. The algorithm starts with a randomly selected set of rows or columns as

an initial seed bicluster. Iteratively it keeps on updating the rows and columns

until it meets the de�nition of the transcription module. ISA can identify one

bicluster per iteration. It can �nd overlapped, down-regulated, and up-regulated

biclusters.

Recently, Henriques and Madeira have proposed pattern-based algo-

rithms namely BicSPAM [134]. The algorithm identi�es �exible structures for

order-preserving biclusters which allow for symmetries and is robust towards the

noise. The basic steps of both the algorithms are mapping, mining (preprocess-

ing), and closing (post processing).

(V) Distribution parameter identi�cation: DPI approach assumes a sta-

tistical model for identifying the distribution of parameters which is used to

generate data by minimizing some criteria iteratively. Biclustering algorithms

which adopt DPI technique are Plaid model [321], FABIA (Factor Analysis for

BIcluster Acquisition) [141], and iBBiG (iterative Binary Bi-clustering of Gene

sets) [124].

The plaid model is proposed by Lazzeroni and Own [188], is a tool for

exploratory analysis of multivariate data. Turner et al. [321] propose an im-

provement version of plaid model mentioned in [188]. In the plaid model, the

expression value of the data model is considered to be the sum of terms known as

layers (biclusters). The expression level of gene i under sample j, geij is de�ned

by Equation 2.3.10, where K is the number of biclusters, k is the layer index, θij0
indicates background layer, εij is residual error, θijk denotes the sum of mean,

sample and gene which e�ects in k layer, ρik is a binary cluster membership pa-

rameter, κjk denotes cluster membership sample j. ρik is 1 if ith gene belongs to

kth bicluster otherwise it is 0.

geij = θij0 +
K∑
k=1

θijkρikKjk + εij (2.3.10)
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In order to �nd K biclusters, the authors propose a greedy algorithm that adds

one layer at a time. The algorithm iteratively updates each of the parameters of

the model to minimize the MSR value between the true data and data matrix

to the model. It assumes that the residual becomes unstructured noise when

each layer is removed from the data. The authors propose a very simple rule to

terminate the algorithm that is a small number of extra layers can be extracted

when the data is reduced to noise.

FABIA is proposed by Hochreiter et al. [141]. The algorithm uses a

multiplicative model which captures linear dependencies among a subset of genes

and a subset of conditions. In the FABIA model, data matrix X is a sum of p

biclusters and additive noise Υ is represented by Equation 2.3.11, where each

bicluster is a product of λ row and z column vectors. The dimension of these

parameters are X ∈ Rm×n, Υ ∈ Rm×n, λi ∈ Rm, and zi ∈ Rn. Λ ∈ Rm×p is the

sparse prototype matrix and Z ∈ Rp×n is the sparse factor matrix.

X =

p∑
i=1

λiz
T
i + Υ = ΛZ + Υ (2.3.11)

Gusenleitner et al. [124] propose a genetic algorithm based biclustering

iBBiG, which works on binary gene set pro�le and extracts modules or biclusters

maximizing the size and entropy of each bicluster. The identi�ed modules from

the iBBiG algorithm are ranked by information score and the gene set of each of

the modules are ranked by �tness score measuring the weight in the module. The

advantage of iBBiG is that it does not require the prior information of the number

or the size of biclusters and discovers overlapping biclusters even in the presence

of noisy data. The algorithm consists of three main components: (i) �tness

score for a module, (ii) a heuristic search algorithm for module identi�cation

and growth in a high dimensional search space, and (iii) an iterative extraction

method for masking the signal of modules which are discovered previously.

Shi et al. [297] introduce an algorithm, known as LinCoh which identi�es

linear coherent patterns from microarray gene expression data. The concept

behind this algorithm is to identify a non-trivial sample set for each pair of

genes, called the outer sample set. It has been seen that two genes can be

up/down co-regulated under a non-trivial subset of samples. In the next step, a

�ner bicluster is produced by removing genes and inner samples for each outer

sample set of biclusters. A line detection version of LinCoh [297] algorithm can

be found in [296]. Shi et al. [298] develop another biclustering algorithm called,
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Sparse Learning based Linear Coherent Bi-clustering (SLLB). This algorithm

discovers linear coherent patterns using sparse learning based method. Deodhar

et al. [82] propose a scalable, robust algorithm for discovering extremely dense

cluster, named Robust Overlapping CoClustering (ROCC).

2.3.4 Bicluster evaluation methods

In Section 2.3.3, we have reviewed some of the existing biclustering algorithms.

These algorithms discover di�erent bicluster types, structures considering di�er-

ent objective functions. Therefore, it is important to validate biclusters which

remains a challenging task till today. Unlike full-space clustering algorithms,

biclustering algorithms are evaluated based on only external or biological val-

idation instead of internal or statistical validation. To assess the quality of a

biclustering algorithm, we broadly divide the bicluster evaluation into two main

classes statistical validation and biological validation.

(I) Statistical signi�cance: Statistical signi�cance is useful for validation of

synthetic datasets and uses information of data to judge the quality of biclusters

[287]. The several aspects of bicluster validation are given below.

(a) Separation: The measure quanti�es the degree of separation between bi-

clusters i.e., how well biclusters are separated from each other. The separation

between two biclusters β1 and β2 can be de�ned by Equation 2.3.12.

Sep(β1, β2) = 1− β1 ∩ β2

β1 ∪ β2

(2.3.12)

(b) Compactness: Cluster homogeneity with intra-cluster validation signi�es

bicluster compactness. Intra-bicluster de�nes the degree of coherence of each

bicluster [112]. Several intra-bicluster evaluation function can be found in the

literature. Consider a bicluster β(I,J ) containing I rows and J columns, where

i ∈ I and j ∈ J . Next, we present some of the existing evaluation functions.

VARiance: Hartigan [129] has proposed the coherence measure VARi-

ance (VAR) in order to minimize the sum of bicluster variances. It is noteworthy

that VAR is used to detect constant biclusters. Mathematically, it is de�ned in

Equation 2.3.13.

V AR(I,J ) =

|I|∑
i=1

|J |∑
j=1

(geij − geIJ )2 (2.3.13)

AVerage Similarity Score: The AVerage Similarity Score (AVSS) of

a bicluster is proposed by Liu and Wang [217] which is calculated by Equation
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2.3.14, where sij is the similarity measure of ith row and jth column with all other

objects belong to that bicluster.

AV SS(I,J ) =

∑
i∈I
∑

j∈J sij

|I|.|J |
(2.3.14)

Mean Square Residue: The most well-known intra-bicluster measure

is Mean Square Residue (MSR) which is proposed by Cheng and Church [64].

MSR measures the coherence among genes and columns are de�ned as in Equa-

tion 2.3.9. Lower (close to 0) the MSR value (resp. higher), exhibits the stronger

(resp. weaker) coherence in the bicluster. For a perfect bicluster, the MSR value

is 0 which means genes �uctuate similarly under a subset of conditions. Vari-

ous algorithms adopt MSR [14, 63, 87, 351]. Mean square residue is good for

capturing the constant and the shifting patterns from the input data.

Scaling Mean Square Residue: Nevertheless, MSR is widely used

in literature but it is unable to recognize scaling patterns in the bicluster. To

overcome this problem, Mukhopadhay et al. [250] have proposed a metric named

Scaling Mean Square Residue (SMSR) as shown in Equation 2.3.15. This is

invariant to the local and global scaling pattern of the data.

SMSR(I,J ) =
1

|I| × |J |

|I|∑
i=1

|J |∑
j=1

(geiJ × geIj − geij × geIJ )2

ge2
iJ × ge2

Ij
(2.3.15)

Average Row Variance: Average Row Variance (ARV) is proposed

by Anguilli et al. [14] as shown in Equation 2.3.16. It is expected to have large

row variance if a bicluster contains rows with large changes for di�erent columns.

This measure guarantees to capture the coherent trends of a subset of rows under

some experimental conditions.

ARV (I,J ) =

∑
i∈I
∑

j∈J (geij − geiJ )2

|I| × |J |
(2.3.16)

SUb-MAtrix Correlation Score: Yang et al. [355] have proposed a

PCC based measure, SUb-MAtrix Correlation Score (SCS) with prior assump-

tion that a perfect correlated pattern ful�lls perfect linear correlation on row

and column vector. Equation 2.3.17 and 2.3.18 are the form of correlation de-

grees on columns and rows, respectively of a bicluster where corr(xIj1 , xIj2) and

corr(xi1J , xi2J ) represent the PCC between any pair of columns or rows in a
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bicluster, respectively.

SCScol(I,J ) = minj1∈J (1− 1

|J | − 1

∑
j2 6=j1,j2∈J

|corr(xIj1 , xIj2)|) (2.3.17)

SCSrow(I,J ) = mini1∈I(1−
1

|I| − 1

∑
i2 6=i1,i2∈I

|corr(xi1J , xi2J )|) (2.3.18)

Both the measures SCSrow and SCScol are asymmetric. The former one re�ects

the degree on the rows of the bicluster whereas the latter one shows the degree

on the columns of the bicluster. The Submatrix correlation score of a submatrix

is de�ned as Equation 2.3.19.

SCS(I,J ) = min(Srow(I,J ), Scol(I,J )) (2.3.19)

Moreover, Yang et al. [355] have also demonstrated δ-corbicluster if the value

of SCS is less than some threshold δ where δ > 0. The lower (resp. high)

SCS provides a better correlation (resp. weaker) of the rows and columns. If

S(I,J ) = 0, then it shows the perfect bicluster where rows and columns of the

bicluster are linearly correlated.

Volume: Anguilli et al. [14] have proposed Volume (V) as presented in

Equation 2.3.20 to maximize the size of a bicluster.

V (I,J ) = |I| × |J | (2.3.20)

Average Correlation Value: For evaluation of homogeneity of a bi-

cluster, Teng and Chan [318] have developed Average Correlation Value (ACV)

in the following way.

ACV (I,J ) = max{
∑

i1∈I
∑

i2∈I |corri1i2 | − |I|
|I| × (|I| − 1)

,

∑
j1∈J

∑
j2∈J |corrj1j2 | − |J |

|J | × (|J | − 1)
}

(2.3.21)

Here, corri1i2 and corrj1j2 are the Pearson correlation between any pair of rows

i1, i2 and columns j1, j2, respectively. The ACV value ranges from 0 to 1, where

1 signi�es that rows and columns in a bicluster are highly co-expressed whereas

0 means none of the genes and conditions is co-expressed. Therefore, it is always

preferred to have a higher ACV. It always gives desirable values for additive and

multiplicative models in contrast to MSR. ACV is sensitive to errors.

Average Spearman's Rho: Ayadi et al. [20] have proposed an eval-

uation metric named Average Spearman's Rho (ASR) based on Spearman's cor-
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relation coe�cient as shown in Equation 2.3.22.

ASR(I,J ) = 2×max{
∑

i∈I
∑

j∈I,j≥i+1 ρij

|I|(|I| − 1)
,

∑
k∈J

∑
l∈J ,l≥k+1 ρkl

|J |(|J | − 1)
} (2.3.22)

Here, ρij and ρkl refer the Spearman's correlation of pair of rows and columns,

respectively. The value of ASR value lies in the interval -1 to 1. A high/low value

i.e., close to 1/-1 corresponds that the rows and columns of a bicluster strongly

correlated either positively or negatively, respectively. Spearman's rank correla-

tion is robust in the presence of prominent outliers in the data and normalization

of the input matrix is not required at all.

Spearman's Biclustering Measure: Spearman's Biclustering Mea-

sure (SBM) has been proposed by Flores et al. [110] highlighting non-linear

correlation among genes and conditions. SBM has the capability to identify the

complex coherence pattern in the biclusters, such as shifting, scaling, and neg-

ative correlation. To compute the SBM, the data matrix is converted into rank

according to Spearman's coe�cient rx,y between any pairs of genes and conditions

(x, y). The proposed SBM is de�ned as follows.

SBM(I,J ) = α(Bij)× rḠBIJ
× β(Bij)× rC̄BIJ

(2.3.23)

rḠBIJ
(Equation 2.3.24) and rC̄BIJ

(Equation 2.3.25) express the summarized ex-

pression of the trends observed in the genes and conditions of the bicluster,

respectively.

rḠBIJ
=

2

|I| × (|I| − 1)
×
|I|∑
i=1

|I|∑
i′=i+1

|rG
ii′
| (2.3.24)

rC̄BIJ
=

2

|J | × (|J | − 1)
×
|J |∑
j=1

|J |∑
j′=j+1

|rC
jj′
| (2.3.25)

|rG
ii′
| and |rC

jj′
| correspond the absolute value of the Spearman's nonparametric

correlation coe�cient between genes i, i
′
and conditions j, j

′
, respectively. Two

terms α(BIJ) and β(BIJ) are the reliability coe�cients for weighing the in�uence

of the patterns found in the rows and columns, respectively. β has high reliability

and is computed from hundreds of genes and whereas α has low reliability and is

computed from a small number of samples. The range of SBM is not speci�ed,

it may vary from one dataset to another dataset. If the value of SBM increases

this means it increases the coherence between the genes and conditions, in other

words, it increases the quality of a bicluster.
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(c) Connectedness: Connectedness assesses how well the given cluster groups

data with the nearest neighbor together, in data space.

(d) Coverage: This statistical measure is classi�ed into three types viz, Gene

coverage (Gc), Condition coverage (Cc), and Matrix coverage (Mc) as shown

below. Gene/Condition/Matrix coverage is the ratio of genes/conditions/cells

that are assigned to any extracted bicluster to the total number of

genes/conditions/cells in an input dataset.

Gc =
Total number of genes covered by discovered biclusters

Total number of genes present in the matrix
(2.3.26)

Cc =
Total number of conditions covered by discovered biclusters

Total number of conditions present in the matrix
(2.3.27)

Mc =
Total number of cells covered by discovered biclusters

Total number of cells present in the matrix
(2.3.28)

Further, bicluster evaluation methods can be classi�ed into two main

classes: intra- and inter-biclusters evaluation methods. Intra-bicluster methods

quantify the quality of bicluster rather we can say the coherence degree of biclus-

ters. This has been elaborated in the previous `compactness' point. On the other

hand, inter-biclusters evaluation function measures the quality of a group of bi-

clusters. Mainly, it is used in synthetic datasets, where we know the true hidden

biclusters in the data matrix. Several inter-biclusters measures are available in

the literature.

The validation of identi�ed biclusters is performed using Jaccard Coe�-

cient (JC) on the basis of known biclusters [278]. Let us consider two biclusters,

say β1
I1×J1 and β

2
I2×J2 , the JC is measured as in Equation (2.3.29).

JC(β1, β2) =
|(I1 ∪ J1) ∩ (I2 ∪ J2)|
(|I1 ∪ J1) ∪ (I2 ∪ J2)|

(2.3.29)

Let us again consider two sets of biclusters, discovered D = {D1, D2, ..., Dl} and
original O = {O1, O2, ..., Ok}. The match score (MS) between the two sets of

biclusters is de�ned in Equation (2.3.30). How well the implanted biclusters are

recovered is given by the recovery score MS(O,D). On the other hand, the

MS(D,O) score re�ects what extent the discovered biclusters match the true

biclusters known as the relevance score. Relevance and recovery scores range

from 0 to 1. A relevance score of 1 signi�es that all the identi�ed biclusters are

expected whereas a recovery score of 1 denotes that all the implanted biclusters
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have been found.

MS(O,D) =
1

|O|
∑

(I1,J1)∈O

max(I2,J2)∈DJC(β1, β2) (2.3.30)

(II) Biological validation: The biological assessment of identi�ed biclusters

from real datasets is carried out using functional enrichment analysis as men-

tioned before. The key goal is to determine whether the genes of each generated

bicluster are signi�cantly enriched or not with respect to the GO annotations.

Due to the unavailability of the true biclusters, we use GO enrichment analysis

to evaluate the biclusters, demonstrating how well genes can match with di�er-

ent GO categories. A bicluster is considered to be enriched if p-values of all the

annotation terms are less than the signi�cance cut-o� value. Moreover, if one of

the annotation terms is from any one of the GO categories such as BP, MF, and

CC, it is said to be enriched with BP, MF, or CC.

2.4 Triclustering

Triclustering algorithm overcomes the limitations of both full-space clustering

and biclustering. In triclustering the third dimension i.e., time point is added to

the dataset besides genes and samples. In this section, we present formal de�ni-

tions of tricluster and its di�erent types. Subsequently, we provide a comprehen-

sive survey of di�erent triclustering algorithmic strategies relevant to biological

data and quality measures for triclusters.

De�nition 2.4.1 Let DG×S×T be the three dimensional gene expression or GST

data of size m×n×v which consists of m number of genes, G = {g1, g2, . . . gm}, n
number of samples or experimental conditions S = {s1, s2, . . . , sn}, and v number
of time points T = {t1, t2, . . . , tv}. Each cell value (dxyz) of the matrix represents
the expression level of xth gene, yth experimental condition at zth time point. The

3D matrix can also be referred as D = {G,S, T}.

In this sequel, we represent the expression of gene gi in time tz across all samples

denoted by a row vector Fi(Stz) [316]. Thus, we can view 3D gene expression data

as 2D gene expression data G× (S × T ) in horizontal plane shown in Equation
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2.4.1 and depicted in Figure 2.3.

D =


F1(St)

F2(St)

F3(St)

. . .

Fm(St)

 (2.4.1)
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g4

g5

g6

t1

t2
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g4

g5

g6

s1t1 s1t2 s1t3s2t1 s2t2 s2t3s3t1 s3t2 s3t3s4t1 s4t2 s4t3

3D gene expression data 2D gene expression data

Figure 2.3: D gene expression data can be viewed as 2D gene expression data.

De�nition 2.4.2 A tricluster T (X, Y, Z) = {dxyz} is de�ned as a submatrix T ,
where x ∈ X, y ∈ Y , and z ∈ Z. The submatrix T represents subset of genes

X ⊆ G that are co-expressed under subset of experimental conditions or samples

Y ⊆ S over a subset of time-points Z ⊆ T .

Triclustering algorithm aims to discover a set of triclusters {T1, T2, . . . , TK}, such
that each tricluster Ti satis�es some sort of homogeneity criteria and statisti-

cal signi�cance. Considering the de�nition 2.4.2, it can still be maintained the

restrictions on the locality of subspace [136]. In terms of this, two types of

clustering de�nitions are de�ned: full cluster and partial cluster.

De�nition 2.4.3 A full cluster is a subspace consisting of a subset of objects

from any one dimension and all the objects from the remaining dimensions.

Full clusters are de�ned as FC = (X,S, T ), FC = (G, Y, T ), or FC = (G,S, Z),

where X ⊆ G, Y ⊆ S, and Z ⊆ T . For example, in the �rst case, FC = (X,S, T )

the clusters are a subset of genes across all conditions and time points and so on.

De�nition 2.4.4 A partial cluster is a subspace de�ned by subsets of objects

from any two dimensions and all objects from the remaining dimension.

Partial clusters are de�ned as PC = (X, Y, T ), PC = (X,S, Z), or PC = (G, Y, Z),

where X ⊆ G, Y ⊆ S, and Z ⊆ T . Both the types of clusters with varying

locality are illustrated in Figure 2.4.
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(a) GST data
(b) Full clustering
      on samples

(C) Partial clustering
       (all genes)

(d) Partial clustering
       (all samples)

(e) Full clustering
      on samples

(f) Triclustering

Figure 2.4: Di�erent subspace clustering of 3D data with varying locality criteria.

2.4.1 Tricluster types

Like bicluster, tricluster has several types such as additive, multiplicative, and

additive-multiplicative triclusters which are explained next.

c1 c2 c3 c4 c5 c6
0
2
4
6
8

10
12
14

A. Time point t1

c1 c2 c3 c4 c5 c6

B. Time point t2

ga gb gc

Figure 2.5: Additive patterns for di�erent time points.

De�nition 2.4.5 A tricluster T (X, Y, Z) = {dxyz}, where x ∈ X, y ∈ Y , and
z ∈ Z is said to be additive tricluster if each element of the tricluster satis�es

the following equation 2.4.2, where αx, βy, and γz are the additive factors of x
th

gene, yth experimental conditions, and zth time point, respectively.
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Figure 2.6: Multiplicative patterns for di�erent time points.

dxyz = const+ αx + βy + γz (2.4.2)

Figure 2.5 illustrates the additive patterns of three genes where ga is considered

to be the base pattern and others are shifted with additive factors according to

Equation 2.4.2. The additive factors for gb, gc, c1, c2, c3, c4, c5, c6, t1, and t2 are

2, 3, 0.1, 0.2, 0.1, 0.3, 0.4, 0.5, 0, and 1, respectively.

De�nition 2.4.6 A tricluster T (X, Y, Z) = {dxyz}, where x ∈ X, y ∈ Y , and
z ∈ Z is said to be multiplicative tricluster if each element of the tricluster

satis�es the equation 2.4.3, where τx, ηy, and ζz are the multiplicative factors of

xth gene, yth experimental condition, and zth time point, respectively.

dxyz = const× τx × ηy × ζz (2.4.3)

The multiplicative patterns of three genes are shown in Figure 2.6 where ga is

considered to be the base pattern and others are scaled with multiplicative factors

according to Equation 2.4.3. The multiplicative factors for gb, gc, c1, c2, c3, c4,

c5, c6, t1, and t2 are 2, 3, 1.1, 1.2, 1.3, 1.1, 1.4, 1.15, 1, and 1.15, respectively.

De�nition 2.4.7 A tricluster T (X, Y, Z) = {dxyz}, where x ∈ X, y ∈ Y , and
z ∈ Z is said to be additive-multiplicative tricluster if each element of the triclus-

ter satis�es the following equation 2.4.4.

dxyz = const× τx × ηy × ζz + αx + βy + γz (2.4.4)

Equation 2.4.4 is the generalized form of both Equation 2.4.2 and Equation 2.4.3

where the multiplicative and additive factors are 1 and 0, respectively. From the

Figure 2.7, we can observe the additive-multiplicative patterns of three genes.

We include additive and multiplicative factors to the base gene ga to get the
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Figure 2.7: Additive-multiplicative patterns for di�erent time points.

patterns of gb and gc. The additive factors for gb, gc, c1, c2, c3, c4, c5, c6, t1, and

t2 are 2, 3, 0.1, 0.2, 0.1, 0.3, 0.4, 0.5, 0, and 2, respectively. The multiplicative

factors for gb, gc, c1, c2, c3, c4, c5, c6, t1, and t2 are 2, -1.5, 1.1, 1.2, 1.3, 1.1, 1.4,

1.15, 1, and 0.75, respectively.

2.4.2 Triclustering algorithms

An enormous number of triclustering algorithms have been developed in the last

decade [136, 228]. According to Henriques and Madeira [136], existing triclus-

tering algorithms can be divided into six types, (I) Greedy, (II) Stochastic, (III)

Exhaustive, (IV) Biclustering-based, (V) Pattern-based, and (VI) Evolutionary-

based approaches. The applications of these algorithms are not just restricted to

biological data. Next, we discuss them in detail.

(I) Greedy methods: Based on the 3D coherence function, the greedy ap-

proach adds and removes objects in an iterative manner from candidate subspace

in order to maximize or minimize the 3D objective function. Bhar et al. [37] have

proposed a greedy algorithm, δ-TRIMAX to identify triclusters with lower (less

than δ threshold) Mean Square Residue (MSR) value in 3D data. For a perfect

shifting tricluster MSR value is 0 [38]. Therefore, a lower MSR score signi�es a

better quality tricluster.

De�nition 2.4.8 The Mean Square Residue MSR3D of a tricluster T (X, Y, Z)

can be modeled using Equation 2.4.5 where dxY Z is the mean of xth

gene (dxY Z = 1
|Y ||Z|

∑
y∈Y,z∈Z dxyz), dXyZ is the mean of yth sam-

ple (dXyZ = 1
|X||Z|

∑
x∈Y,z∈Z dxyz), dXY z is the mean of zth time point
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(dXY z = 1
|X||Y |

∑
x∈Y,y∈Y dxyz), and dXY Z is the mean tricluster (dXY Z =

1
|X|∗|Y |∗|Z|

∑
x∈Y,y∈Y,z∈Z dxyz).

MSR3D =
1

|X| ∗ |Y | ∗ |Z|
∑

x∈X,y∈Y,z∈Z

(dxyz − dxY Z − dXyZ − dXY z + 2dXY Z)2

(2.4.5)

The δ-TRIMAX performs in two major steps: i) starting from the 3D GST

input, the algorithm iteratively removes genes, samples, and time points until

theMSR3D becomes less than prede�ned threshold δ and (ii) gene, samples, and

time points are added to the tricluster if it satis�es MSR value to be less than

δ. Many authors have adopted this principle in their work such as Three-Way

Clustering (TriWClustering) [79] and TriClust tool [80] to identify triclusters

with lower MSR values.

Xu et al. [345] have proposed a novel tricluster model LagMiner to �nd

S2D3 cluster where S2 re�ects additive-multiplicative patterns andD3 is three di-

mensional data. The goal of LagMiner is to �nd triclusters satisfying: (i) shifting-

and-scaling interplane coherence using S2Score for each gene-sample plane and

gene-time plane, ∀zk∈ZS2Score(X, Y, zk) ≤ δ and ∀xi∈XS2Score(K, J, xi) ≤ δ (δ

is a coherence strength) and (ii) an order-preserving interplane for each gene-time

plane. Let, sample triplet order is ρ(yj) = yj1 ≺ yj2 ≺ yj3 and coherence measure

S2Score can be de�ned using Equation 2.4.6.

S2Score(X, Y, zk) = maxxi∈Xρ(yj)⊆Y
dxy2z − dxy1z
dxy3z − dxy1z

−minxi∈Xρ(yj)
dxy2z − dxy1z
dxy3z − dxy1z

(2.4.6)

The algorithm initiates with a subspace having sample triplets and as many genes

as possible. Next, samples and times are included in the subspace if it satis�es

the above-mentioned coherence.

(II) Stochastic approaches: Some proposed triclustering algorithms rely on

stochastic approaches. TWIGS (Three-Way module Inference via Gibbs Sam-

pling) is proposed by Amar et al. [10] based on both hierarchical Bayesian data

model and Gibbs sampling to �nd large triclusters from 3D time course data. The

method uses Bernoulli-β and the Normal-γ assumption for binary 3D data and

real data, respectively in the case of hierarchical Bayesian data model. Initially,

the algorithm uses biclustering solutions and iteratively improves the solution

using the Gibbs sampling procedure.

Triclustering 3D plaid framework referred to as 3D-Plaid is proposed by

Mankad and Michailidis [230]. This 3D-plaid is an extended version of the model

63



Background 2.4. Triclustering

proposed in [188] for 2D. In the 3D-plaid model, data can be represented as a

sum of q triclusters, as presented in Equations 2.4.7 and 2.4.8.

dxyz = µ0 +

q∑
i=0

θxyziρxiκyiτzi (2.4.7)

θxyzi = µi + αxi + βyi + γzi + ηxyzi (2.4.8)

θxyzi is the contributions of each tricluster. In a tricluster Ti, boolean variables

ρxi, κyi, and τzi speci�es the membership of genes, samples, and time points.

Tricluster can be obtained by minimizing the merit function as given in Equation

2.4.9, assuming ηxyz approximately Gaussian.

m∑
x=1

n∑
y=1

l∑
x=1

(dxyz − θxyz0 −
K∑
i=0

θxyziρxiκyiτzi)
2 (2.4.9)

The key concept of this framework is to �nd subspaces exhibiting strong devi-

ations and then estimate their dependence over the whole data array. Di�erent

strategies like pruning, back�tting, and other heuristic are also applied in this

model.

Guigourès et al. [122] introduce a novel technique that formulates the tri-

clustering problem into a clustering tripartite graph. The algorithm is built upon

MODL as mentioned in [46]. The work presents maximum a posteriori (MAP)

for estimating the parameters i.e., the number of clusters is chosen automatically

for co-clustering of 3D temporal data.

Recently, Wu et al. [343] have proposed BCAT_I (Bregman cuboid av-

erage triclustering algorithm with I-divergence) to analyze hidden patterns from

georeferenced time series (GTS). BCAT_I groups regular triclusters in such a

way that it minimizes the loss of mutual information. It then subsequently re�nes

triclusters using K-means to capture spatiotemporal patterns in the data.

(III) Exhaustive approaches: This section surveys those methods which are

based on exhaustive approaches. Jiang et al. [161] have developed an algorithm

to mine coherent gene clusters from temporal 3D data. Each cluster consists of a

subset of genes over a subset of samples along with the time points. PCC is used

to extract maximal coherent sample sets for each gene or maximal coherent gene

sets for sample sets. Two mining methods have been proposed: Sample-Gene

Search and Gene-Sample Search. To get all possible combinations of genes or

samples, the algorithm uses an enumeration tree and utilizes a pruning operation.
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Hereafter, for each subset of samples or genes, the algorithm �nds a subset of

genes or samples relying on an e�cient solution of the inverted list of maximal

coherent sample sets of all genes.

In the year 1994, the triclustering of 3D binary data known as a triadic

formal concept has been proposed by Krolak-Schwerdt et al. [181]. Lehmann

and Wille [193] have introduced the theoretical concepts of Triadic Formal Con-

cept Analysis. Many machine learning methods are reformulated algebraically by

formal concept analysis. Ignatov et al. [148] present formal de�nitions of �opti-

mal patterns� in triadic data and have experimentally shown comparative results

for �ve triclustering algorithms. They are object-attribute-condition tricluster-

ing (OAC) Box [150], TRIBOX [237], SPECTRIC [151], TRIAS (Triadic Formal

Concept Analysis) [155], and OAC-Prime. Initially, the OAC algorithm is pro-

posed by Ignatov and Kuznetsov [149]. Extensive work has been done based on

this particular algorithm, such as TRIAS, TRIBOX, SPECTRIC, OAC-Prime,

and greedy-OAC [117] to improve the quality of triclusters.

(IV) Biclustering-based approaches: For each plane of 3D data, a set of

biclusters are identi�ed �rst and then a set of triclusters are discovered. The

biclustering-based approach uses intraplane coherence for inferring triclusters

from the identi�ed biclusters and can be assigned for more than one dimension.

One point can be noted that these approaches are dependent on the algorithmic

strategy like greedy, stochastic, or others applied on data to get biclusters.

In 2005, pioneering work on triclustering algorithm named TriCluster has

been proposed by Zhao and Zaki based on graph-based approach [364]. TriCluster

algorithm performs in four basic steps. i) The GST data is sliced according to

time points and for each time point matrix (G×S), it constructs a multigraph to

store a valid ratio for all pairs of samples. (ii) The maximal clique is searched from

these multigraphs to �nd a set of biclusters by performing Depth First Search

(DFS). (iii) From the mined biclusters, a graph is constructed to get maximal

triclusters. (iv) To the end, deletion and merging of clusters are performed if only

overlapping criteria is satis�ed. The algorithm ignores intertemporal coherence

(which means genes or samples do not coherently vary over time points and may

appear in a slice of tricluster) and is highly dependent on parameters. Here,

Pearson correlation is used as intraplane coherence.

Following the approach of TriCluster, several versions were designed to

mine clusters. Jiang et al. [165] have proposed a more generalized 3D model

(gTRICLUSTER) to overcome the problem of intertemporal coherence and pa-
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rameter dependency of TriCluster. The algorithm uses Spearman for interplane

coherence instead of Pearson correlation across time points to capture more �ex-

ible clusters. It focuses to identify biologically meaningful coherent clusters from

noisy data. Despite having advantages of gTRICLUSTER, it su�ers from inter-

gene coherency and is biased towards sample and gene size. It can not detect

two similar patterns which may belong to the di�erent time ranges. Shortly af-

ter, Araújo et al. [16] have designed a parallel version of TriCluster algorithm

(ParTriCluster) using �ler-labeled-stream which is supported by Anthill parallel

programming environment. ParTriCluster reduces the computational complexity

and handles scalability issues nicely.

Ahmed et al. [4] have proposed a technique Intersected Coexpressed

Subcube Miner (ICSM) to �nd order-preserving submatrix taking into account

the inter-gene and inter-temporal coherence. It also �nds time-latent triclusters.

In association with triclustering algorithm, the authors propose a planar simi-

larity measure (PMRS) to detect shifting correlations between two planes. The

PMRS between two planes x and y with the size of each matrix of m × n, can
be calculated using Equation 2.4.10, where, µa and µb are the mean of a and b,

respectively.

PMRS(a, b) =

∑a
i=1

∑b
j=1 abs(a(i, j)− µa − b(i, j) + µb)

2×max(
∑a

i=1

∑b
j=1 abs(a(i, j)− µa),

∑a
i=1

∑b
j=1 abs(b(i, j)− µb))

(2.4.10)

Tchagang et al. [316] have developed an Order Preserving Triclustering

(OPTricluster) for short time series 3D data. In sample direction, OPTricluster

uses a combinatorial approach and an order-preserving approach in the time di-

rection to get triclusters with coherent evolution. The dimensions of time and

sample can be swapped according to the goal [136]. In such a scenario, OPTri-

cluster is capable of capturing groups of genes under a subset of conditions for

speci�c time points. The algorithm consists of �ve major steps: (i) quantiza-

tion of data, (ii) ranking of gene expression across time points, (iii) identifying

order-preserving biclusters, (iv) inferencing triclusters from biclusters, and (v)

statistical signi�cant assessment. OPTicluster e�ciently mines the triclusters

for small time series data and identi�es the cluster having constant or coherent

patterns.

Kakati et al. [171] have presented a distributed triclustering algorithm

Shifting-and-Scaling Similarity Triclustering (SSSimTri) in order to identify shift

and/or scale patterns from GST data. The algorithm is seed-growth and ex-
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tracts biclusters from each time slice in a parallel fashion. The work uses a fast

biclustering algorithm and a shared-nothing client-server architecture to analyze

3D data.

(V) Pattern-based approaches: In this approach, triclusters are discovered

with well-de�ned patterns consisting of a subset of any objects. Ji et al. [160]

have proposed the algorithm frequent closed cube (FCC) which elaborates the

concept of 2D frequent closed pattern in the context of 3D. The authors of this

work have mentioned two novel algorithms namely Representative Slice Mining

(RSM) and CubeMiner. The former mines transformed 2D dataset from 3D

exploiting the existing 2D FCP mining algorithm and prune cubes that are not

closed. The latter method i.e., CubeMiner directly operates on 3D data to mine

FCC.

More recently, a pattern-based algorithm TimesVector is proposed by

Jung et al. [169] to seek groups of genes which exhibit similar and di�erentially

expressed patterns from GST data. The main idea of TimesVector can be un-

derstood in three basic steps. (i) Data is concatenated along condition and time

dimensions so that clustering data can be reduced into two-dimensional space,

(ii) Spherical K-means algorithm can be applied to the data. The resulting clus-

ters are then classi�ed to detect similar and distinct patterns and (iii) some genes

remained unclassi�ed.

(VI) Multiobjective optimization approaches: In this context, multiple

objective functions such as volume and homogeneity of triclusters are optimized

simultaneously. Liu et al. [212] have proposed a novel multiobjective evolution-

ary 3D clustering algorithm termed MOGA3C to �nd one or more signi�cant

clusters with the maximum size. This algorithm is considered to be one �rst

proposed triclustering algorithms in this category. It simultaneously satis�es

three objective functions by maximizing tricluster size, minimizing MSR value,

and maximizing gene-dimension variance. The xth gene-dimension variance in

a tricluster T (X, Y, Z) and overall gene-dimension variance can be de�ned by

Equations 2.4.11 and 2.4.12, respectively.

GV AR(x, Y, Z) =
1

|Y ||Z|
∑

y∈S,z∈Z

(dxyz − dxSZ)2 (2.4.11)

GV AR(X, Y, Z) =
1

|X||Y ||Z|
∑

x∈X,y∈Y,z∈Z

(dxyz − dxY Z)2 (2.4.12)

Gutiérrez-Avilés et al. [126] have proposed an evolutionary heuristic,
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genetic algorithm TriGen (Triclustering-Genetic based). The TriGen discovers

triclusters minimizing both 3D MSR value and correlation measure, least square

approximation (LSL). After that, Gutiérrez-Avilés and Rubio-Escudero have ex-

tended the work of TriGen by embedding a new evaluation measure MSL (Multi

Slope Measure) [125] to judge the quality of tricluster. MSL measures the simi-

larity among angles of the slopes for all pairs of genes, conditions, and times of

the given subspace.

A modi�ed version of δ-TRIMAX, termed as Evolutionary Multi-

objective Optimization Algorithm for δ-TRIMAX (EMOA-δ-TRIMAX) has been

developed by Bhar et al. [38] using Non-dominated Sorting Genetic Algorithm

(NSGA-II). The problems associated with Trigen [126] and EMOA-δ-TRIMAX

are �ne-tuning of input parameters and it is not as fast as a greedy algorithm.

2.4.3 Tricluster evaluation methods

Like full-space clustering and biclustering, triclustering also requires the assess-

ment of discovered triclusters. However, evaluation of triclustering algorithm is

a very di�cult job in two perspectives as mentioned in [136]. Synthetic data

generation procedure for tricluster is biased towards the particular homogene-

ity and absence of consensual similarity metric. Moreover, for real datasets no

ground truth is present. Accordingly, triclustering solutions can be evaluated in

two ways: statistical signi�cance and biological signi�cance.

(I) Statistical signi�cance: The triclustering solutions can be assessed in sev-

eral ways.

(a) Homogeneity: Merit functions are not only used to guide triclustering

process, it is also used to evaluate triclustering results. Diverse merit functions

are listed in [136]. In general, evaluating clustering results with merit functions

is biased towards speci�c homogeneity criteria. Therefore, for fair comparison, it

is advisable to combine results of more than one merit function. Most commonly

used merit function is MSR value as de�ned in Equation 2.4.5. Merit function

as shown in Equation 2.4.12, is used to identify constant tricluster. This merit

function calculates the variance of a tricluster which �nds a larger tricluster with

some allowable level of threshold.

Ahmed et al. [4] have proposed two internal evaluation measures, intra-

temporal and inter-temporal homogeneity as de�ned mathematically in Equation

2.4.13 and 2.4.14, respectively, where mr(z) is the mean of genes in z time plane

with samples present in Y , corr(x,mr(z)) is the Pearson correlation between
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gene x and mr(z), and mmr is the mean of the means of all time planes belongs

to the tricluster.

λg =

∑
z∈Z

∑
x∈X(corr(x,mr(z)))

|X|

|Z|
(2.4.13)

λz =

∑
z∈Z corr(mr(z),mmr)

|Z|
(2.4.14)

Another merit function is mentioned in Equation 2.4.9 based on the quadratic

error, which is to be minimized in order to get triclusters. Others are PRMS [4],

LSL [126], and MSL [125].

(b) Accuracy based: Accuracy based metrics are formulated to evaluate the

synthetic datasets based on true solutions as triclusters are implanted in the

background matrix. Researchers have derived several similarity metrics to eval-

uate triclusters. The most popular measure is Jaccard based scores known as

match score [278]. Let, H = {H1, H2, . . . , Hr} are the hidden or planted triclus-

ters and T = {T1, T2, . . . , Tk} are the set of discovered triclusters. Henriques et

al. [136] have revised match score as shown in Equation 2.4.15 to add a penalty

of non-matched volume triclusters.

RMS3(F ,H) =
1

|F|
∑

T1∈F ,maxarg{Jac(T1,T2)|T2∈H}

3

√
|X1 ∩X2|
|X1 ∪X2|

|Y1 ∩ Y2|
|Y1 ∪ Y2|

|Z1 ∩ Z2|
|Z1 ∪ Z2|

(2.4.15)

Bhar et al. [36] have proposed similarity score MSX(T1, T2) ×MSY (T1, T2) ×
MSZ(T1, T2), which computes the product of match score in di�erent dimensions.

Another Jaccard based metric is proposed by Amar et al. [10] in Equation 2.4.16

which considers weighted all pairwise match score.

1

|F|+ |H|
(
∑
T1∈F

maxT2∈HMS(T1, T2) +
∑
T2∈H

maxT1∈FMS(T2, T1)) (2.4.16)

(c) Coverage: Gene/Sample/Time coverage can be quanti�ed by

unique genes/samples/times discovered in all the triclusters to the total

genes/samples/times present in the dataset. On the other hand, Coverage is

de�ned by Equation 2.4.17, where XA, Y A, and ZA are discovered unique genes,

samples, and times by an algorithm A and G, S, and T represent the total

number of genes, samples, and times present in the dataset.

Coverage =
XA × Y A×A

G× S × T
× 100 (2.4.17)
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(II) Biological signi�cance: Triclustering algorithms are assessed based on

real biological datasets. But, one point we have to remember is that there is a

dearth of biological information of GST data which may be considered as ground

truth. In this context, we evaluate triclustering solutions against background

knowledge such as GO, as we have done for clustering and biclustering. Enrich-

ment analysis is one such method that helps to establish the signi�cance of found

clusters. We exploit the information provided by GO and KEGG pathways to

assess the signi�cance of our results biologically.

2.5 Discussion

In this chapter, we have done a widespread survey of all three types of clustering

algorithms with validation which aims to examine the di�erent algorithms or

di�erent evaluation measures for gene expression data. Despite a large number

of algorithms, clustering remains an extremely challenging task. There is no

basic guideline for choosing an appropriate clustering algorithm and biologically

validating the clustering results. Therefore, it is hard to de�ne the universal

consensus on the de�nition of cluster and the most e�ective one. Moreover, no

algorithm exists which is considered to be the best performer throughout all

clustering problems. On the other hand, clustering algorithm largely depends on

the input parameters and the properties of data. Hence, scientists are actively

participating in either developing new clustering algorithms or designing new

validation techniques, as a consequence to evaluate discovered clustering solutions

biologically.

Although clustering algorithms have been successfully applied to biolog-

ical data, there still exists an intrinsic problem in clustering because of its un-

supervised learning nature. Full-space, biclustering, and triclustering algorithms

that we have mentioned earlier ignore known gene functions during clustering.

Most clustering algorithms cluster objects without exploiting any biological con-

straints as an input to the clustering. Basically, in most biological problems,

domain-speci�c hypotheses or knowledge are present. Therefore, it is hard for

biologists or researchers to manually examine the information to interpret the

derived result and come to a conclusion. Using only classical methods it may not

be possible to �gure out all potential relationships among genes. On realizing

this fact, researchers have started giving importance to incorporating gene func-

tional or domain knowledge for developing an algorithm that will automatically

reveal biologically more reliable clusters. With this as our guiding principle, we
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have focused on steering our work from unsupervised to semi-supervised learning,

where we embed prior biological knowledge to guide clustering algorithms.

In the �eld of data mining or machine learning, semi-supervised learning

algorithms are gaining a lot of popularity. A semi-supervised clustering approach

can be achieved in two di�erent ways, either by modifying similarity measures or

by directly enhancing clustering algorithms. Handful numbers of semi-supervised

algorithms are proposed to cover the full-space clustering area and even in the

case of biclustering algorithms, the number is much less. From the literature, a

similar scenario can be observed for the triclustering algorithm i.e., scarcity of

semi-supervised triclustering algorithm. In succeeding chapters, we have studied

semi-supervised full-space, biclustering, and triclustering algorithms in depth.
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3
Full-space Cluster Analysis of Cancer

Gene Expression Data

Cluster analysis helps researchers to formulate a new hypothesis to detect the

relationship between genes and is e�ectively used to predict the function of un-

known genes based on the genes of known functions with which it is co-expressed

[242]. In other words, it is based on the assumption that similar expression

patterns may exhibit a strong correlation with their functions in the biological

activities [214]. A number of full-space clustering algorithms have been intro-

duced in Chapter 2. The remainder of the chapter is organized as follows. We

start by brie�ng the introduction in Section 3.1. Section 3.2 reviews related

work in this area. Next, we provide a clear motivation for the work in Section

3.3. Two major types of contributions of this particular domain are provided.

In the �rst part of Section 3.4, the proposed unsupervised full-space clustering

is presented whereas the second part elaborates two semi-supervised clustering

algorithms incorporating GO as external knowledge which surpass the drawbacks

of an unsupervised algorithm. Section 3.5 analyzes the time complexity of all

three proposed methods. The proposed unsupervised method is performed with

both synthetic and real cancer gene expression datasets while semi-supervised

methods are successfully employed in real datasets only, which are given in Sec-
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tion 3.6. Thereafter, the validation of clustering results is discussed with the

help of internal and external measures as mentioned in Chapter 2 with existing

algorithms. Further in Section 3.7, we propose a biomarker identi�cation method

utilizing clustering results as an application towards cancer datasets. Finally, in

Section 3.8, we discuss all three proposed algorithms and their performances with

respect to other existing methods.

3.1 Introduction

Recalling from Chapter 1, a traditional full-space clustering algorithm is typi-

cally unsupervised. In a true sense, no labeling is provided to gain insights into

the underlying structure of input data. It is basically an optimization prob-

lem. The fundamental goal of clustering is maximizing the intra-cluster distance

and minimizing the inter-cluster distance. Cluster analysis has four key steps -

preprocessing the gene expression data to be clustered, choosing an appropriate

proximity measure, applying clustering technique to data, and the �nal step is

to perform cluster validation. A vast majority of literature in this area has been

covered, that formally aim to identify co-expressed genes from expression data.

To date, clustering leads to be an active and rich area of research [100, 357].

In practice, K-means [226], SOM [313], and HC [95] are widely applied

in the context of gene expression data clustering. However, these approaches at-

tempt to group all input genes into some sort of a �nite number of clusters. Thus,

genes that are not co-expressed are also assigned to their �best-�tting� cluster

and as a result, co-expressed and non-co-expressed genes come under the same

cluster [1]. This outcome violates the basic property of biological clusters that

no two clusters should have identical expression pro�les rather it should form a

cluster only with co-expressed genes. To address this issue, we propose an unsu-

pervised algorithm, named Graph Attraction Clustering (GAClust) algorithm.

In fact, very little e�ort has been made for partial clustering that avoids force

clustering of the complete set of input data [1, 293, 317]. The aim of clustering

should be the extraction of data and not a data partitioning problem that is

necessarily co-expressed under conditions.

Unsupervised clustering algorithms are built on the presumption that

co-expressed genes are likely to have common biological functions. However, it is

seen that most of the algorithms miss the gene functional prediction at the time

of clustering. The algorithms mentioned in Section 2.2.2 use only gene expres-

sion data so far for proximity measure between two genes and ignore the gene
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function in clustering. Using only proximity measure of gene expression data,

it may be possible that two functionally unrelated genes can come under the

same cluster due to their similar expression value. So, it is essential to �nd the

GO-based similarity in association with gene expression pro�le similarity. If two

GO terms share more common information it means that they are more similar

to each other. To extract biologically meaningful clusters from the dataset it is

necessary to incorporate biological knowledge at the time of clustering. This has

motivated us to shift from unsupervised to semi-supervised clustering by incor-

porating Gene Ontology (GO) knowledge in the clustering process. GO is the

fundamental database of bioinformatics, that speci�cally gives the annotations

for gene products with consistent and structured vocabularies [192]. In this re-

gard, we have modi�ed our GAClust algorithm incorporating GO information to

Semi-supervised Graph Attraction Clustering (SGAClust) algorithm.

Co-regulated genes can be of two types: positively co-regulated and neg-

atively co-regulated genes [159].

De�nition 3.1.1 Two genes, ga and gb are said to be positively co-expressed

if the expression values of ga show an increasing (up-regulated) or decreasing

(down-regulated) trend over all conditions for which gb also shows the same trend.

If gb shows an opposite trend corresponding to ga, then they are negatively co-

expressed.

Figure 3.1 (A) and (B) give an illustration of the positively and negatively co-

expressed patterns. In a real scenario, researchers have explored the emerging

need to discover co-regulated genes which include both positive and negative

co-regulated genes. An important interpretation of co-regulated genes is co-

expression, which simultaneously show the rise and fall of expression values [368].

If two genes reside far apart from each other, still there can be a strong correlation

between them. Traditional distance-based methods cannot capture correlation

for the analysis of co-expression. To address this issue, we have proposed another

full-space clustering algorithm named Semi-supervisedDensity-based Clustering

(SDC). SDC algorithm uses density information in association with pattern-based

approach and incorporates GO knowledge from gene ontology consortium.

3.2 Related work

We broadly classify the clustering of gene expression data into two parts, viz,

(i) unsupervised and (ii) semi-supervised full-space clustering algorithms. In

Section 2.2.2, a vivid description of unsupervised full-space clustering algorithms
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Figure 3.1: An illustration of di�erent types of co-expression patterns. The x-
axis denotes the conditions and the y-axis represents the expression values. A.
Patterns ga and gb are positively co-expressed with respect to each other. B.
Patterns ga and gb is negatively co-expressed with respect to each other.

has been provided. The review aims to examine di�erent GO-based similarity

measures and thereafter semi-supervised clustering algorithms.

Conventional clustering algorithms �nd sets of genes depending on their

proximity ((dis)similarity) measure. In contrast, expression-based measures may

not �nd the potential relationships among the genes as these measures are unable

to capture the potential functional relationships among genes. Therefore, it is

important to adopt ontologies for annotations while comparing entities. Seman-

tic similarity (SS) allows the comparison of GO terms or GO annotated gene

products by leveraging the hierarchical structure of the GO graph. SS calculates

the closeness between them which in turn re�ects numerical value. SS measure

is the key technique to incorporate the knowledge of known genes from gene on-

tology and gene annotation �les. A wide variety of SS measures can be found in

[269, 270].

At �rst Lord et al. [218] have successfully applied SS in biology. Since

then, several SS measures have been developed. We present a short survey of SS

in the context of GO. To compare GO terms, there are two major approaches:

edge-based and node-based. Edge-based approaches are dependent on the num-

ber of edges present in between GO terms. Distance (average of all paths or

shortest path) and common path (the lowest common ancestor of two terms to

root) are two popularly used techniques to calculate SS. On the other hand,

node-based approaches rely on the comparison of the properties of the terms,

their ascendants or their descendants. These semantic similarities are built on
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the information theory which means how much information they commonly share.

Information content of a term T is quanti�ed as IC in a speci�c corpus and is

described by negative log likelihood IC = − log(P (T)), where P (T) represents

the probability of occurrence of T in a speci�c corpus. Another way to determine

IC is to calculate the number of children in GO which is not used commonly. To

determine the SS between two terms that is how much information they share,

IC can be applied to the common ancestors of both terms. To do this, two

main approaches are used: the Most Informative Common Ancestor (MICA)

and Disjoint Common Ancestor (DCA). MICA means common ancestor having

highest IC [282] and DCA represents all common ancestors that do not subsume

any other common ancestor [72]. Alternatively, node-based approaches also can

be calculated by the number of shared annotations, number of gene-annotated

products, number of shared ancestors, node depth, node-link density etc. While

comparing gene products, often it can be done pairwise or groupwise. To quantify

the pairwise similarity between two gene products, SS between their terms are

combined. In this regard, often maximum, sum, and average are used for com-

bining. Groupwise approaches are directly calculated by set, graph, or vectors

which is di�erent from the former one.

Here, we report some of the well known semantic similarities. Resnik

similarity between two terms Ti and Tj is calculated by Equation 3.2.1, which is

simply IC of their MICA. The lower bound of Resnik measure is 0 and it has no

upper limit.

SSRes(Ti,Tj) = IC(MICA) (3.2.1)

Resnik measure does not consider the distance from both the terms to their lowest

common ancestors. Hence, distance is taken into consideration in Lin's, and Jiang

and Conrath's. Lin [207] similarity between two terms say Ti and Tj and given

by Equation 3.2.2. SSLin gives the IC between two terms by considering the IC

of each individual term and the IC of MICA. The obtained value of semantic

similarity lies between 0 and 1.

SSLin(Ti,Tj) =
2× IC(MICA)

IC(Ti) + IC(Tj)
(3.2.2)

Jiang and Conrath's [166] have proposed an IC-based measure as shown in Equa-

tion 3.2.3. The lowest and highest value of this measure is 0 and 1, respectively.

SSJCSS = 1− IC(Ti) + IC(Tj)− 2× IC(MICA) (3.2.3)
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These three node-based measures determine the similarity between two GO

terms, which in turn can be extended for comparison of gene products, which

have several GO terms. Wang et al. [332] have proposed a SS as a pairwise

measure that is applied as edge-based. Let, a GO term Ti can be de�ned by a

graph GTi = (Ti, ATi , ETi), where ATi is a set of GO terms in GTi including Ti
and all ancestors of the term Ti and ETi is the set of edges or semantic relations.

To do a quantitative comparison in between two GO terms, GO term is encoded

by Ti as the aggregated contribution of all terms in GTi . Therefore, S-value is

used to de�ne the contribution of GO terms Ti. For any term T in GTi , the S

value of Ti is represented by Equation 3.2.4.

STi(Ti) = 1

STi(T) = max{we × STi(T
′
)|T′ ∈ children of(T) if T 6= Ti}

(3.2.4)

Here, we is the contribution factor of the edge between Ti and its children T′

and 0 < we < 1. After calculating the S-values for all the terms present in GTi ,

semantic value SV (Ti) is obtained by Equation 3.2.5.

SV (Ti) =
∑
T∈ATi

STi(T) (3.2.5)

Considering the GO hierarchy as mentioned in Chapter 1, we for is_a is 0.8 and

part_of is 0.6. Given two graphs say, GTi and GTj for two GO terms Ti and Tj,
semantic similarity between two terms can be represented by Equation 3.2.6.

S(Ti,Tj) =

∑
T∈ATi∩ATj

(STi(T) + STj(T))

SV (Ti) + SV (Tj)
(3.2.6)

Nowadays, knowledge-based clustering algorithms have become an inte-

gral part of the research. However, the number of semi-supervised full-space

clustering algorithms is much lesser than the number of unsupervised full-space

clustering algorithms. Next, we present a brief survey on semi-supervised algo-

rithms. Adryan and Schuh [2] have developed a GO-Cluster program that incor-

porates the hierarchy structure of the GO database as a model for cluster analysis

and also gives the visualization of gene expression data at any level of the gene

ontology tree. Huang and Pan [143] have included the gene function in distance

metric and showed the advantage of using it over K-medoids (partitional) and

hierarchical algorithms. In [264], a fast gene ontology-based clustering has been

built which demonstrates hierarchical clustering and a heatmap visualization
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with the help of gene expression data and GO annotations. It helps to identify

rapidly the biologically related genes. Verbank et al. [326] have incorporated

external biological knowledge (GO) to measure the distance between genes and

applied it to the K-means algorithm, which gives biologically signi�cant homoge-

neous co-expressed clusters. Speer et al. [306], Srivastava et al. [307], Macintyre

et al. [225], Mitra and Ghosh [244] have incorporated the GO in clustering pro-

cess for gene expression data. Hang et al. [128] have proposed an algorithm using

two information such as gene density function and biological knowledge and the

proposed one gave a better result than the standard algorithm.

Zhou et al. [370] also have developed an algorithm incorporating density

of data and gene ontology in the distance-based clustering algorithm. Both the

algorithms do not address the issue of identifying the positive and negative co-

regulated genes. An algorithm that �nds clusters comprised of co-regulated genes

is being proposed by Ji and Tan [159]. To identify interesting partial negative,

positive co-regulated gene clusters, Koch et al. [346] have proposed an algorithm

that also discovers overlapping clusters.

3.3 Motivation

There are various unsupervised full-space clustering algorithms targeted to ana-

lyze gene expression data, as discussed in Chapter 2. Due to wet lab experiments,

often gene expression data are noisy, therefore partial clustering is more suitable

and appreciable in such cases. In partial clustering, full-space algorithm will not

allow some of the genes (noise) to be present in a well-de�ned cluster that im-

pacts the quality of the cluster. Additionally, a clustering algorithm should be

designed in an automated framework such that, the algorithm either is free from

parameters or is calculated dynamically. Here, we use the graph-theoretic ap-

proach to �nd potential solutions for discovering clusters from noisy data, which

does not require the number of clusters explicitly. We propose the GAClust algo-

rithm, which shares some features (clique �nding) of an existing graph-theoretic

approach, CAST [33]. The clustering result obtained by CAST highly depends

upon the �ne-tuning of the threshold value. Our proposed method dynami-

cally estimates the parameters based on the dataset used. Moreover, the graph

construction method is accomplished, by focusing only on groups of genes or

common-neighborhood concept (grounded on proximity measure) rather than

absolute measure between two genes.

Most of the researchers have the tendency to use Euclidean distance or
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Pearson correlation in the traditional clustering process. Earlier, it is mentioned

that external domain knowledge is the necessary pillar for guiding the clustering

algorithms. The majority of the existing algorithms ignore external knowledge

to get more biologically relevant clusters. Density-based methods can detect

arbitrary shaped clusters but su�er from user input [15, 101, 283]. In this chapter,

we propose two algorithms: SDC and SGAClust. SDC algorithm particularly

focuses on the density-based algorithm and SGAClust is the modi�cation of

GAClust which holds all the properties of GAClust. The key features of the SDC

algorithm are it (i) handles noise e�ciently, (ii) discovers clusters automatically,

and (iii) identi�es both positively and negatively expressed genes. The algorithm

gives a nice guideline to estimate parameters that vary from dataset to dataset.

3.4 Proposed methods

The section is divided into two major sub-sections. In Section 3.4.1, we describe

a simple heuristic clustering algorithm i.e., GAClust in detail. After discussing

the unsupervised method, the second part Section 3.4.2, focuses on two semi-

supervised clustering algorithms, SDC and SGAClust.

3.4.1 Unsupervised full-space clustering algorithm

Given neighborhood distance threshold Υ (user speci�ed parameter), GAClust

proceeds in three steps, producing K number of clusters {C1, C2, . . . , CK} from
input gene expression data EDm×n. The number of clusters and their size is

highly in�uenced by the parameter Υ. GAClust is a graph-theoretic cluster-

ing algorithm, based on the clique graph and divisive approach. The divisive

approach follows a top-down analysis. It initiates with a large cluster and grad-

ually splits into small clusters until each cluster contains a single piece of data.

The fundamental assumption of this model is the true biological partition of

genes rely on certain functionality of the genes.

The similarity between all pairs of expression patterns can be repre-

sented by a similarity matrix Simm×m, where Sim(gx, gy) denotes the similarity

in between gene gx and gy. This can be easily computed by proximity measure

(similarity or dissimilarity). Further, the similarity matrix can be represented

by a weighted graph G∗(V,E), where vertices V denote genes and E represents

the edge set E = {(gx, gy) for gx, gy ∈ V and x 6= y}. The weight of an edge

is de�ned by the similarity between two genes. A graph is said to be a clique

graph if it consists of a disjoint complete graph [30]. In this context, the clique
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graph is composed of clusters of genes where the similarity of each gene within

the clique is higher than the genes belonging to other cliques. A clique graph H
is formed by genes (vertices) G = {g1, g2, . . . , gm}, such that each clique cqi ∈ H
contains an edge between every two genes gi, gp ∈ cqi. Additionally, there are no
edges between genes gi and gk, where gi ∈ cqi and gk ∈ G\ cqi. Mathematically a

clique H graph for a given graph G∗(V,E) is de�ned in such a way that (i) each

vertex of H presents a maximal clique of G∗ and (ii) two distinct vertices of H are

adjacent. Gene expression data is noisy in nature, hence an ideal clique graph is

never possible. In expression data, contamination errors are introduced resulting

in weighted graph C(H) which is not a clique graph. Therefore, the clustering

problem can be modeled as restoring clique graph H using edge modi�cation

problem from corrupted clique graph where the error is introduced. The imple-

mentation of GAClust is described next stepwise and the algorithm is shown in

Algorithm 1.

(i) Graph construction: We compute an m×m, Rm×m similarity matrix from

expression data to construct a graph. The edge between two genes gx and gy has

been given a weight using Equation 3.4.1 de�ned as similarity R, where N (gx) is

neighbors of gene gx and CN (gx, gy) is common neighborhood of gx and gy. The

R is stated as the similarity between two genes, where a = |N (gx)|, b = |N (gy)|,
and c = |CN (gx, gy)|.

R(gx, gy) =


1 if (gx = gy)

c
a+b−c if (|CN (gx, gy)| 6= 0)

0 if (|CN (gx, gy)| == 0)

(3.4.1)

De�nition 3.4.1 Neighborhood of a gene, N (gx) is described by the genes gz,

residing within its user-de�ned radius Υ.

N (gx) = {gz|z ∈ G,DistEuc(gx, gz) ≤ Υ} (3.4.2)

N (gx) is de�ned in Equation 3.4.2, where Dist(gx, gz) is determined by Euclidean

distance shown in Equation 3.4.3.

DistEuc(gx, gz) =

√√√√(
n∑
j=1

(gxj, gzj)2) (3.4.3)
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Algorithm 1: GAClust algorithm
Input : EDm×n with a set of genes G = {g1, g2, . . . , gm} and a set of

samples C = {c1, c2, . . . , cn}, Υ, η
Output: C = {C1, C2, . . . , CK}

1 C = φ
2 Compute R matrix with the help of Equation 3.4.1
3 while (G 6= φ) do
4 Cnow = φ, A(G) = 0
5 Select gx ∈ G such that R(gx, gy) = max{R(gw, gy)|gw, gy ∈ G}
6 Cnow = Cnow ∪ gx
7 G = G \ gx
8 ∀gy ∈ G, A(gy) = A(gy) +R(gy, gx)
9 while (Changes in Cnow) do
10 while (max{A(gz)|gz ∈ G} ≥ η|Cnow|) do
11 Select ga ∈ G with maximum attraction such that

A(ga) = max{A(gw)|gw ∈ G}
12 Cnow = Cnow ∪ {ga}
13 G = G \ {ga}
14 ∀gb ∈ G ∪ Cnow, A(gb) = A(gb) +R(gb, ga)

15 end

16 while (min{A(gz)|gz ∈ Cnow} < η|Cnow|) do
17 Select ga ∈ G with minimum attraction such that

A(ga) = min{A(gw)|gw ∈ G}
18 Cnow = Cnow \ {ga}
19 G = G ∪ {ga}
20 ∀gb ∈ G ∪ Cnow, A(gb) = A(gb)−R(gb, ga)

21 end

22 end

23 C = C ∪ Cnow
24 end

De�nition 3.4.2 Common neighborhood between two genes gx and gy are the

genes {g1, g2, . . . , gq} which belong to the neighborhood of both genes, gx and gy

with respect to Υ and is given by Equation 3.4.4.

CN (gx, gy) = {gk ∈ N (gx) ∩N (gy)}, k = 1, 2, . . . , q (3.4.4)

The concept of common neighborhood is shown in Figure 3.2. The measure

R ∈ [0, 1] is symmetrical i.e., R(gx, gy) = R(gy, gx). The value lies between 0

and 1, 0 ≤ R ≤ 1. 0 means genes are not connected, 1 means the neighbors of

gx is overlapped with neighbors of gy. Higher R(gx, gy) i.e., values closer to one,

indicates that the two neighbors are closely connected.

(ii) Node addition: The key step of GAClust is to compute the average at-
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XA Y
B

Figure 3.2: Schematic diagram of the common neighborhood between two ob-
jects. The blue and black colored circle represents the neighborhood of X and
Y objects, respectively within its Υ distance. Red colored solid circles represent
the common neighbor objects of both X and Y within Υ distance.

traction (A) between unclustered data to its present cluster to make further

decisions. Clusters are generated one at a time.

De�nition 3.4.3 The attraction (A) of a gene gx with respect to a cluster Cnow
is the sum of relation between gx and all genes in Cnow.

A(gx) =
∑

gy∈Cnow

R(gx, gy) (3.4.5)

De�nition 3.4.4 A gene gx is said to have high connectivity to be included in

the current cluster Cnow if it satis�es the condition A(gx) ≥ η|Cnow| where η is

an attraction threshold.

We initiate the current cluster by denoting Cnow = φ. Clusters are formed

by adding high connectivity genes one at a time to Cnow until no changes have

been found. It is important to note the relation of gx with the genes presenting

Cnow is considered to compute A(gx) and it is assumed at any given iteration of

the algorithm the |Cnow| is much less than the total number of genes m in the

dataset.

The crucial task of the algorithm is parameter estimation of η and Υ.

Unlike CAST [33], GAClust calculates threshold η dynamically with the help of

Equations 3.4.6 and 3.4.7, where deg(gx) indicates the degree of a vertex V or gene

gx and R(gx, gy) must be greater than 0.5. Here, we have taken R(gx, gy) >= 0.5

which will signify that at least 50% of neighbors of gx and gy are common.

deg(gx) =


∑m

y=1 1 if R(gx, gy) ≥ 0.5 and x 6= y

0 otherwise
(3.4.6)
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η = 0.5×
∑m

x=1

∑m
y=1,x 6=y R(gx, gy)∑m
i=1 deg(gi)

(3.4.7)

De�nition 3.4.5 A gene gx is said to be low connectivity if it satis�es the fol-

lowing condition A(gx) < η|Cnow|.

(iii) Node deletion: After the addition step, low connectivity genes are re-

moved from the current cluster Cnow. We keep on removing genes from Cnow
until it gets stabilized to form a single cluster. Repeating the node addition and

removal steps further, we get K number of clusters. All singleton clusters are

considered as outliers. A gene is said to be an outlier if it behaves in a signif-

icantly di�erent manner from the rest of the genes in a particular dataset. We

have chosen the neighborhood distance Υ of a gene as su�ciently large (+0.5)

from the graph of sorted K-Nearest Neighbor (KNN) distance from each gene.

This K value is determined by taking the square root of the total number of

genes present in an input dataset.

3.4.2 Semi-supervised full-space clustering algorithms

This section elaborates two semi-supervised algorithms SDC and SGAClust in

detail. First, we discuss the SDC algorithm then the SGAClust algorithm. SDC

is a density-based clustering algorithm that works in two phases: (i) preprocessing

and (ii) clustering phase.

(i) Preprocessing: This step is initiated by normalizing (standard deviation

(σ) 1 and mean (µ) 0) the gene expression data. Then, a discretization process

discretizes the gene expression data and the discretized data (EDdisct) is fed as

input to the clustering algorithm.

EDdisct(gi,1) =


2 if gei1 < 0

0 if gei1 = 0

1 if gei1 > 0

(3.4.8)

EDdisct(gi,j) =


2 if geij < gei(j−1)

0 if geij = gei(j−1)

1 if geij > gei(j−1)

(3.4.9)
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In discretization, each cell geij, (where j = 1) of the gene expression data (ED)

for the �rst condition is discretized by using Equation 3.4.8 and for the other

conditions (n − j1), each cell geij (where j = 2, 3, . . . , n) is computed using

Equation 3.4.9. Each gene in EDdisct now has a pattern of regulation values of 0s,

1s, and 2s across condition known as regulation pattern. After the computation

of each gene's regulation pattern, the next job is to calculate the match (M)

between genes gx and gy stated in Equation 3.4.10.

De�nition 3.4.6 Match: Match (M) gives the number of common regulation

values according to the conditions except the �rst one, which signi�es how similar

the two patterns are with respect to their expression values.

IfM = n−1, it can be said that the two patterns are almost similar. The match

between gx and gy is calculated as below.

Pat
gx,gy
j =

1 if EDdisct(gx,j) = EDdisct(gy,j), where j = 2, . . . , n

0 otherwise
(3.4.10)

M(gx, gy) = number of 1s in Patgx,gyj (3.4.11)

De�nition 3.4.7 Maximal Match: If match between gx and gy is equal or

greater than the minimum matching threshold value i.e., δ, (M(gx, gy) >= δ)

and no other gene exists whose M with respect to gx is greater than gy, then gx

has a Maximal Match (MM) with another gy (gx 6= gy).

De�nition 3.4.8 Maximally Matched Regulation Pattern: For genes gx

and gy, let gx be maximally matched with gy, then the Maximally Matched Regu-

lation Pattern (MMRP ) is computed using Equation 3.4.12 by considering the

subset (two gene pro�les may not match throughout n−1 conditions) of conditions

where they maximally matched based on δ.

MMRP (gx,j) = MMRP (gy,j) =



2 if EDdisct(gx,j) = 2 = EDdisct(gy,j)

0 if EDdisct(gx,j) = 0 = EDdisct(gy,j)

1 if EDdisct(gx,j) = 1 = EDdisct(gy,j)

X otherwise

(3.4.12)
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Here, j = 2, 3, . . . , n. Therefore, for the whole set of j conditions, we obtain an

MMRP pattern of 0s, 1s, 2s, and Xs.

De�nition 3.4.9 Negative Maximally Matched Regulation Pattern:

The Negative Maximally Matched Regulation Pattern (NMMRP ) of gy is de-

termined by comparing the MMRP of gx as stated in Equation 3.4.13.

NMMRP (gy,j) =



2 if MMRP (gx,j) = 1

1 if MMRP (gx,j) = 2

0 if MMRP (gx,j) = 0

X if MMRP (gx,j) = X

(3.4.13)

Therefore, we obtain a NMMRP pattern for j conditions (j = 2, 3, . . . , n).

De�nition 3.4.10 Rank: Rank gives the ascending order of expression levels

of a gene across conditions.

Rank is measured by giving a ranked value starting from 1 to all the expres-

sion values in the MMRP pattern except for those conditions having a X

value. The working examples of the computation of discretized data, M , MM ,

MMRP , NMMRP , and Rank are available in http://agnigarh.tezu.ernet.

in/~rosy8/workingexampleSDC.pdf.

(ii) Clustering: The second phase of SDC is based on some of the fundamen-

tal concepts of DBSCAN. The following de�nitions are trivial to the clustering

process.

De�nition 3.4.11 ε-neighbor: ε-neighbors with respect to gi ∈ G, are those

genes gk ∈ G, which have more similarity than the user-de�ned threshold (ε)

as shown in Equation 3.4.14. Here we have used combined similarity which is

mentioned in Equation 3.4.15.

ε− neighbors(gi) = {gk|wheregk ∈ G and Com_sim(gi, gk) >= ε} (3.4.14)

In this method, we combine similarity measure (Sim) and semantic similarity

(SS) to improve clustering result. We �nd the combined similarity (Com_sim)

between two genes gi and gk given next.

Com_sim(gi, gk) = w1 ∗ Sim(gi, gk) + w2 ∗ SS(gi, gk) (3.4.15)
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Here, w1 + w2 = 1 and 0 ≤ w2 ≤ 1 [192]. Weight factors w1 and w2 control

the weights of two similarity measures. Most commonly used proximity measure

is Euclidean distance which gives the dissimilarity between two genes as Equa-

tion 3.4.3 [164]. We �rst convert DistEuc(gi, gk) into a similarity measure as,

Sim(gi, gk) = 1
1+DistEuc(gi,gk)

. For SS, Lin's semantic similarity is taken under

consideration. Next, we present the de�nition of core neighbors which has been

extended from the de�nition of core neighbors given in [101].

De�nition 3.4.12 Core neighbors: Core neighbors (Nc) of a gene gi ∈ G is

described by a set of genes G∗ ∈ G and should satisfy the following four criteria.

A gene, say gi is considered as core gene if.

(a) ∀gy ∈ G∗, gy ∈ ε− neighbors(gi)

(b) MMRP (gy) ≈MMRP (gi)

(c) Rank(gy) ≈ Rank(gi)

(d) |G∗| >= Mp (minimum points: a user-de�ned threshold)

To compute the Nc of a particular gene gi, we check the above-mentioned four

criteria for all the n − 1 dimensions (except condition 1). If we do not get the

Nc, we keep on checking the criteria by reducing the search space one condition

at a time. At �rst we reduce the condition set by n−{jl} the last condition i.e.,

n − 1 − 1 = n − 2. If we still do not �nd the Nc of gi, we further reduce the

search space by n − 3 and so on. The following de�nitions have been extended

from the concept of DBSCAN algorithm [101].

De�nition 3.4.13 Direct density reachable: gx is direct density reachable

with respect to gy if it ful�lls three basic principles.

(a) gy must be a core-gene or gy must have Nc.

(b) gx ∈ ε− neighbors(gy)

(c) MMRP (gx) ≈MMRP (gy)

De�nition 3.4.14 Density reachable: Gene gq is density reachable from gp

provided there is a chain of genes g1, g2, g3, . . . , gm such that g1 = gp and gm = gq

and every gi+1 gene is directly density reachable from gthi gene.

De�nition 3.4.15 Connected: Gene gx is connected to gy with respect to ε,

provided gx, gy are reachable from a common gene say gk.
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De�nition 3.4.16 Cluster: A cluster Ck (|Ck| >= Mp) is a collection of reach-

able and connected genes. Say, a gene gx ∈ Ck and the gene gy is found to be

reachable from gx, then gy must be in cluster Ck. Similarly, if a gene gx ∈ Ck and
gy is connected to gx then gy will be in the same Ck cluster.

De�nition 3.4.17 Noise: A noise gene is a gene which does not belong to any

cluster.

In case of pairs of core genes, direct density reachable holds symmetric relation.

Connected also holds symmetric property.

The SDC is explained in Algorithm 2. The algorithm proceeds by ar-

bitrarily selecting an unclustered gene gi. Thereafter, it �nds MMRP (gi) and

Rank(gi). According to de�nition 3.4.12, core-neighbors of gi are considered

which belong to the cluster (say Ck). The cluster expansion of Ck is done by re-

peating the process of �nding all connected and density reachable genes for each

core neighboring point. Next, we �nd NMMRP from MMRP of the newly

formed cluster to get negatively co-expressed genes. Genes Gu which match with

NMMRP are again considered for further processing. We also keep core neigh-

bors of gx ∈ Gu in the same cluster, Ck. Cluster Ck is expanded until density

connected genes are found completely. The process then restarts with a new

unclustered gene to form a new cluster. Genes that are not a member of any of

the clusters are marked as noise.

SGAClust is the extended version of the GAClust algorithm. SGAClust

takes four input parameters neighborhood similarity threshold Υ′, attraction

threshold η′, w1, and w2. Here, we incorporate combined similarity (Com_sim)

as shown in Equation 3.4.15 instead of only an expression-based distance mea-

sure to �nd the neighborhood of a gene. Here, we consider similarity measure

Sim (considering Euclidean distance) and Wang's measure as SS to compute

Com_sim. Wang's measure distinguishes the two relations (is_a and part_of)

in GO hierarchy structure whereas Lin's measure does not di�erentiate between

both the relations. We rede�ne the de�nition of neighborhood of a gene.

De�nition 3.4.18 Neighborhood of a gene N (gi) is described by the genes gx,

residing within its user de�ned radius Υ′.

N (gi) = {gx|x ∈ G,Com_sim(gi, gx) ≥ Υ′} (3.4.16)

SGAClust algorithm considers Υ′ and η′ instead of Υ and η in GAClust. The

parameters are calculated by the following Equations 3.4.17 and 3.4.18, where Υ
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Algorithm 2: SDC algorithm
Input : EDm×n with a set of genes G = {g1, g2, . . . , gm} and a set of

samples C = {c1, c2, . . . , cn}, w1, w2, δ, ε, Mp

Output: C = {C1, C2, . . . , CK}
1 C = φ
2 Compute Com_sim between all pairs of genes using Equation 3.4.15
3 foreach ga ∈ G do

4 Ck = φ
5 Start with an random unclustered gene say gi
6 Find the MMRP (gi) and Rank(gi)
7 Find N gi

c of gi using de�nition 3.4.12
8 foreach gc ∈ N gi

c do

9 Identify all connected and reachable genes Gc with respect to gc
10 Add Gc to Ck
11 end

12 Find the NMMRP from MMRP of the newly formed Ck
13 Find the unclustered genes Gu which matches the NMMRP
14 foreach gx ∈ Gu do

15 Find the N gx
c of gene gx using de�nition 3.4.12

16 foreach gq ∈ N gx
c do

17 Identify all reachable and connected genes Gq with respect to
gq

18 Add Gq to Ck
19 end

20 end

21 Add Ck to C
22 end

23 All the unclustered genes are marked as noise

and η are estimated as mentioned in GAClust algorithm.

Υ′ =
1

1 + Υ
(3.4.17)

η′ =
1

1 + η
(3.4.18)

The main algorithmic approach is similar to GAClust. It consists of three major

steps, i.e., graph construction, node addition, and node deletion. The graph con-

struction is similar to the GAClust algorithm except for �nding neighborhood of

a gene. We compute an m ×m, Rm×m similarity matrix for a weighted graph.

The weight of an edge between two genes gi and gk has given by R(gi, gk) as men-

tioned in Equation 3.4.1. Each cluster is generated by adding high connectivity

genes and removing low connectivity genes from the cluster.
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3.5 Time complexity

GAClust algorithm takes O(m2) operations to compute Rm×m matrix. In the

best case, node addition and node deletion takes much lesser time than the

computation of the similarity matrix. The most crucial task of node addition and

deletion is to compute the attraction of a gene with the currently formed cluster.

Each gene is taken under consideration and sums of similarity between a gene to

all other genes in a current cluster are compared with a threshold. In the worst

case scenario, this operation may take O(m2) time, if all the genes come under

a single cluster. Therefore, the overall running time of the GAClust algorithm

is O(m2). The algorithmic approach of SGAClust is similar to GAClust except

for the similarity matrix. For SGAClust, we compute proximity measure as well

as semantic similarity measure. Hence, the creation of Rm×m matrix will take

O(2 × m2) ≈ O(m2) time. Therefore, the total running time of the SGAClust

algorithm is O(m2).

The SDC algorithm computes Com_sim between every pairs of genes

in O(m2) time, as mentioned above. In the worst case, the algorithm takes

O(m2) time to check each ε-neighborhood of each data point. This is only for

positively co-expressed pattern search. Next, it takes a maximum O(m2) time

to �nd negatively co-expressed patterns. Therefore the total complexity of the

SDC algorithm is O(m2).

In addition to our proposed algorithms, we also analyze the time com-

plexity of other algorithms under study. For the CAST algorithm, let us consider

that there is log(m)r number of partitions, where r is constant. Each partition

leads to a cluster consisting of all vertices V . O(m log(m)) number of edges are

considered in each partition. At most once, each gene is taken under considera-

tion because sums of disjoint edges are compared with a threshold. Therefore, the

distance operation requires O(m2) time in between the input graph and each of

the cliques. The algorithm takes O(m2(log(m))r) time [33]. The time complexity

of the K-means algorithm is O(m×K×i), where K is the number of clusters and

i is the number of iterations. The computational complexity of HC and CLICK

algorithms are O(Kn2) and O(mn2/3), respectively. Algorithm SOTA clusters

data in approximately linear time.

3.6 Performance analysis

In order to provide a comparison of all three proposed algorithms, we select a

suite of clustering algorithms K-means, HC, CAST [33], SOTA [138], and CLICK
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[293] which are applied on synthetic data as well as real gene expression datasets.

The performance of algorithms is established by the means of internal criteria and

biological assessment. The internal measure is a pure indication of how many

groups are really present in a dataset, i.e., how well the partition solution is

produced by a clustering algorithm that captures the separation of data amongst

di�erent clusters. It is actually useful when we do not know the true clustering

solutions. Each clustering result produced by di�erent algorithms on several

datasets is assessed with four commonly used cluster validation indices to judge

the quality of clusters. They are MSE [1], DB [75], BH [26], and CI [146] which

are explained in Chapter 2. Lower MSE, DB, BHI, and CI values suggest a good

clustering result.

To generate clusters by CAST and SOTA, we have used the MultiExper-

iment Viewer (MeV) available at http://mev.tm4.org/ algorithms with default

parameter settings. CLICK algorithm is executed as a part of Expander software

version 7.0 (http://acgt.cs.tau.ac.il/expander/) with default homogeneity

value as mentioned in the software. K-means and HC average linkage is exe-

cuted in MATLAB. Our own methods are also implemented in the MATLAB

environment.

3.6.1 Results on synthetic datasets

For a better explanation and to establish the e�ectiveness of GAClust, we �rstly

generate �ve synthetic datasets which can be visualized in Figure 3.3. Each

dataset is comprised of 400 genes where we implant four clusters of 100 genes in

each of them. At �rst, we create a background matrix of size 400 rows and 10

columns from a normal distribution of µ 0 and σ 1. We implant four di�erent

types of clusters where the �rst cluster has up-regulated patterns (Cluster 1),

the second cluster has down-regulated patterns (Cluster 2), the third cluster has

up-regulated then down-regulated patterns (Cluster 3), and the fourth one has

down-regulated then up-regulated patterns (Cluster 4) as shown in the Figure

3.3. To create the up-regulated cluster, we randomly select one gene expression

pro�le and sort the expression values in ascending order. Then we replicate

the same expression pro�le for randomly other 99 genes. Similarly, we create

down-regulated patterns except for the expression values which are necessarily

in descending order. For Cluster 3 �rst half of the expression values are up-

regulated for the �rst �ve columns and then down-regulated for the next �ve

conditions and vice versa for cluster 4. Here, one point we need to keep in mind

is that we create the clusters in non-overlapping manner. Thus we create a matrix
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say D1. To make the datasets more realistic, next, we add random noise from a

normal distribution with µ 0 and varying σ 0.25, 0.5, 0.75, and 1 with each of

the cells of D1 to get matrices D2, D3, D4, and D5, respectively. Before applying

clustering algorithms, we normalize the datasets by z-scores.

Running K-means and HC, a user-speci�ed number of clusters K is re-

(a) Heatmap of all genes in simulated data D1. (b) Co-expression pro�les of gene clusters for
D1.

(c) Heatmap of all genes in simulated data
with noise 0.25 D2.

(d) Co-expression pro�les of gene clusters for
D2.

(e) Heatmap of all genes in simulated data
with noise 0.5 D3.

(f) Co-expression pro�les of gene clusters for
D3.
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(g) Heatmap of all genes in simulated data
with noise 0.75 D4.

(h) Co-expression pro�les of gene clusters for
D4.

(i) Heatmap of all genes in simulated data
with noise 1 D5.

(j) Co-expression pro�les of gene clusters for
D5.

Figure 3.3: Synthetic gene expression data with 400 genes and 10 samples with
and without noise are shown in the left column. The right column denotes the
corresponding pro�les of four gene clusters. The x-direction shows the samples
or conditions and the y-direction denotes the genes.

quired. Therefore, we use implanted true number of clusters as K for synthetic

datasets to obtain K number of clusters. CLICK algorithm returns partitions

leaving some data unclustered. We have considered those data as a single cluster

in order to compute all internal validation indices [89]. To determine the param-

eter Υ for each synthetic dataset we plot the graph of sorted KNN distance from

each gene in Figure 3.4. The parameter Υ for GAClust is kept relatively large

which is given in Table 3.1. The attraction threshold η is computed dynamically

according to Equations 3.4.6 and 3.4.7 except for dataset D1 because it has a

replication of data in four clusters. Hence, we consider K =
√

4 = 2 of KNN for

dataset D1. The η is calculated using Equation 3.4.7, where multiplication factor

is 1 instead of 0.5, as well as Υ, is increased with 1. It is important to mention

that in this experiment we have not considered semi-supervised algorithms for
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synthetic datasets as there is no GO information for synthetic data.

1.0 1.5 2.0 2.5 3.0

4.
7

4.
9

5.
1

Points (sample) sorted by distance

2−
N

N
 d

is
ta

nc
e

(a) Graph of sorted KNN distance for D1.
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(b) Graph of sorted KNN distance for D2.
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(c) Graph of sorted KNN distance for D3.
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(d) Graph of sorted KNN distance for D4.
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(e) Graph of sorted KNN distance for D5.

Figure 3.4: Determination of Υ of GAClust for synthetic data by the graphs of
sorted KNN distance.

We now analyze the performance of GAClust with all other algorithms

under consideration with respect to internal measures using MSE, DB, BH, and

CI described in Section 2.2.3. Figure 3.5 shows the histograms of four cluster

validation indices for comparing the performance of six clustering algorithms on

synthetic datasets. In the diagram, the x-axis denotes the clustering algorithms

while the y-axis denotes the metric values. Di�erent colors are being used to dif-

ferentiate di�erent clustering algorithms. The graph demonstrates that GAClust

is able to identify clusters in presence of a higher amount of noise. The internal
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Table 3.1: Parameter settings of GAClust for synthetic datasets.

Dataset Attraction threshold (η) Neighborhood distance (Υ)

D1 0.6241 5.2 + 1

D2 0.4853 1.3 + 0.5

D3 0.4604 2.3 + 0.5

D4 0.3687 3 + 0.5

D5 0.3278 3.1 + 0.5

metric increases with the increasing noise. Now, if we look closely at the �gure,

then it can be understood that GAClust outperforms all the algorithms (For

Dataset D3 CAST performs better than GAClust) in terms of DB score where

a lower metric signi�es better performance. While comparing GAClust with all

other methods, it performs similar to CAST and is sometimes inferior for some

datasets based on MSE and BH values. On the other hand, GAClust performs

slightly lesser than CAST, K-means, and HC for datasets D4 and D5 on the basis

of CI.

For better understanding, we summarize the values of metrics for all

clustering algorithms on all �ve datasets in Table 3.2. MSE and BH scores give

a similar rank for all the algorithms. CAST performs best followed by GAClust,

SOTA, K-means, HC while the CLICK algorithm performs the worst. From

the table, it is not too hard to recognize that CLICK holds the last position

for DB, MSE, and BH and the second last position followed by SOTA for CI

score. K-means is the second-best algorithm and SOTA and CLICK both are not

performing well according to CI and DB scores. As for all the measures, K-means

and HC are quite close in many circumstances. Based on Table 3.2, it appears

that K-means is slightly superior to HC. It appears that the CAST algorithm

has very good predictive power and GAClust is competitive in comparison with

CAST as well as other state-of-the-art methods. It is important to note that

CI is greatly in�uenced by the fact of producing optimal index values for the

di�erent number of clusters. Therefore, CI does not perform well to evaluate

the clusters generated by di�erent algorithms. The assessment of all three of our

proposed algorithms for the real datasets is given next.

3.6.2 Results on real datasets

To examine the capability of clustering algorithms, we test all three algorithms

on �ve di�erent A�ymetrix cancer gene expression datasets. The description of
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Figure 3.5: Histogram of di�erent cluster validation indices on �ve synthetic
datasets.
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Table 3.2: Average internal measure on �ve synthetic datasets.

Algorithm MSE DB BH CI
K-means 0.1874 0.7211 1.8739 0.0182
HC 0.1904 0.7356 1.9036 0.0233
SOTA 0.1617 1.3454 1.6169 0.0404
CAST 0.0946 0.7212 0.9462 0.0172
CLICK 0.2227 1.3757 2.2270 0.0321
GAClust 0.1043 0.6204 1.0423 0.0270

the gene expression datasets is summarized in Table 3.3. The reported datasets

are obtained from A�ymetrix chips. The description of the table consists of

the name of the dataset (�rst column), type of tissue (second column), num-

ber of genes (third column), number of samples (fourth column), and num-

ber of classes (�fth column). The microarray gene expression datasets which

were already preprocessed by De Souto et al. [76] are taken from a website

https://schlieplab.org/Static/Supplements/CompCancer/. Before apply-

ing clustering algorithms, we normalize all the datasets using z-score to µ 0 and

σ 1. Next, we describe the datasets in detail.

Table 3.3: A brief description of cancer gene expression datasets.

Dataset Tissue type Genes Samples Classes Ref
Armstrong-v2 Blood 2194 72 3 [18]
Bhattacharjee Lung 1543 203 5 [39]
Laiho Colon 2202 37 2 [184]
Ramaswamy Multi-tissue 1363 190 14 [280]
Singh Prostate 339 102 2 [303]

Armstrong-v2: The dataset is the gene expression pro�le of lymphoblastic

leukemias of size 12582 × 72. After preprocessing the �ltered dataset is of 2194

× 72 sizes. The leukemic samples are 28 acute myeloid leukemia (AML), 24 acute

lymphoblastic leukemia (ALL), and 20 mixed lineage leukemia (MLL).

Bhattacharjee: One of the leading cause of death in USA and worldwide is

lung carcinoma. The dataset is obtained from Oligonucleotide microarrays con-

sisting of 12600 transcript sequences in 203 lung tumors. The size of the �nal

dataset is 1543×203. The commonly known type of lung cancer is small-cell

lung carcinomas (SCLC) or non-small-cell lung carcinomas (NSCLC). NSCLC is

further subdivided into adenocarcinomas (AD), squamous cell carcinomas, and

large-cell carcinomas. Among all the samples 186 tumor lung samples including
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139 adenocarcinomas (AD), 6 small cell lung carcinomas (SMCL), 21 squamous

cell lung carcinoma (SQ), 20 pulmonary carcinoids (COID), and 17 normal lung

specimens [39].

Laiho: This A�ymetrix microarray gene expression data contains 222883 probe

sets. There are a total of 37 samples out of 8 is serrated colorectal carcinomas

(SCRC) and 29 is conventional CRC (CCRC). Dataset is preprocessed to get

2202 genes for further experiments. Serrated and conventional CRC both are

di�erent morphologically and biologically [184]. Clinically and pathologically it

is suggested that serrated CRC can be more aggressive than a conventional one.

Therefore, patients su�ering from serrated CRC has a poor survival rate.

Ramaswamy: This dataset is a result of oligonucleotide microarrays with

16063 genes which is reduced to 1363 number of genes [280]. Ramaswamy dataset

is composed of 190 multi-class samples which are categorized into fourteen dif-

ferent tumor types: 11 samples of breast adenocarcinoma, 10 samples of prostate

adenocarcinoma, 11 samples of lung adenocarcinoma, 11 samples of colorectal

adenocarcinoma, 22 samples of lymphoma, 10 samples of melanoma, 11 bladder

transitional cell carcinoma, 10 samples of uterine adenocarcinoma, 30 samples

of leukemia, 11 samples of renal carcinoma, 11 samples of pancreatic adenocar-

cinoma, 11 samples of ovarian adenocarcinoma, 11 samples of pleural mesothe-

lioma, and 20 samples of the central nervous system (CNS).

Singh: Clinically and histologically one of the most heterogeneous cancer types

is prostate cancer. Oligonucleotide microarray is used approximately 12600 probe

id to acquire gene expression data. The dimensionality of this dataset is reduced

to 339 genes. High-throughput technology derives data from 52 prostate tumor

samples and 50 nontumor prostate samples.

To investigate the comparative performance of GAClust, SDC, and SGA-

Clust on cancer gene expression datasets, we execute K-means, HC, SOTA,

CAST, and CLICK as the competing methods. To obtain the optimal num-

ber of clusters for two widely used traditional clustering algorithms, K-means

and HC, we execute these algorithms on real data with K values ranging from

2 to 50. Afterwards, K value is chosen in such a way, where the DB clustering

index is minimized [1]. In practice, we can cut the dendrogram at any level to

get the desired number of clusters. But, for a fair comparison, we have done

this exhaustive experimentation. We plot DB scores for each of the clustering

algorithms generated by K-means and HC in Figures 3.6 and 3.7, respectively.
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We apply CAST, SOTA and CLICK with default parameter settings on real

datasets.

As mentioned previously for synthetic datasets, we proceed in a similar

manner for deciding the input parameter Υ of GAClust for real datasets. In

this case, we again plot sorted KNN graph for every dataset depicted in Figure

3.8 [101]. With the help of this �gure, visually we can predict the Υ value for

GAClust. Here, K value of KNN graph is considered to be Mp and 1
1+Υ

as ε for

SDC algorithm. We keep the value of δ as minimum as possible. The default

value of δ is 3 for the SDC algorithm. We use MATLAB and R implementation

for Lin's [350] and Wang semantic similarity measure [358], respectively. For

Lin's measure, we download the gene ontology �le (released on 2016-09-10) and

annotation �le of Homo Sapience from www.geneontology.org. We keep the

values w1 = 0.6 and w2 = 0.4 for both SDC and SGAClust algorithms, as

we want to give more weightage on proximity measure than semantic similarity

measure. In SGAclust, ε is used as Υ′. Additionally, it is important to note

that η is calculated dynamically for GAClust from where η′ is estimated. The

parameter settings of all three algorithms can be found in Table 3.4.
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Figure 3.6: Selection of K for K-means algorithm with respect to Davies Bouldin
score for cancer gene expression datasets.

Figure 3.9 are the results of these competing algorithms under various

evaluation criteria on �ve cancer gene expression datasets. In addition to this,

we summarize the results by taking the average across all datasets and reported
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Figure 3.7: Selection of the number of clusters for hierarchical clustering with
respect to Davies Bouldin score for real datasets.

Table 3.4: Parameter settings of GAClust for cancer gene expression datasets.

Dataset GAClust SDC SGAClust

η Υ Mp ε η′ Υ′

Armstrong-v2 0.2911 10.5 +0.5 47 0.08 0.8362 0.08

Bhattacharjee 0.3429 18 + 0.5 40 0.05 0.8794 0.05

Laiho 0.2945 6.8 + 0.5 47 0.12 0.7067 0.12

Ramaswamy 0.3523 18 + 0.5 37 0.05 0.7166 0.05

Singh 0.3622 12 + 0.5 19 0.07 0.8711 0.07

in Table 3.5. From Table 3.5, we can see that unsupervised clustering algorithm

CAST achieves the best performance among all other methods for all �ve datasets

together across two validation indices i.e., CI and DB. The possible reason for

performing the best result is to identify more singleton clusters as outliers. On

the other hand, SGAClust is considered to be the best performer with respect to

MSE and BH indices. Although SDC provides the best result, still we have not

considered it as the best one because of the `NAN' value for the Bhattacharjee

dataset. If we closely observe the �gure, we can see that individually for each

dataset SDC gives the lowest values for MSE and BH indices. GAClust is the

second-best performer across all datasets with respect to CI and DB. With the

help of CI, semi-supervised clustering algorithms do not perform well contrasting
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(a) Graph of sorted KNN distance for
Armstrong-v2 data.
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(b) Graph of sorted KNN distance for Bhat-
tacharjee dataset.
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(c) Graph of sorted KNN distance for Laiho
dataset.
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(d) Graph of sorted KNN distance for Ra-
maswamy dataset.
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(e) Graph of sorted KNN distance for Singh
dataset.

Figure 3.8: Determination of Υ of GAClust for real data by the graphs of sorted
KNN distance.

with all unsupervised methods. Our proposed algorithm GAClust always take

the immediate next position after the CAST algorithm for all four measures.

In comparison to K-means and HC, both the algorithms perform very similarly

mainly for MSE and BH, as can be observed from the table. In some of the

datasets, K-means and HC perform very closely which can be easily observed

from Figure 3.9. Regarding the clustering algorithms SOTA and CLICK, it also

provide similar values for 2 indices (MSE and BH) out of 4 indices. Overall we
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can say that CLICK and SOTA give similar types of results for all the datasets.

We note that these two algorithms are not good for analyzing gene expression

data as they degrade the cluster quality. In summary, these outputs suggest that

GAClust is more advantageous than K-means, HC, CLICK, and SOTA and as

good as the CAST algorithm. Semi-supervised algorithms SDC and SGAClust

are better than any other unsupervised algorithms with reference to MSE and

BH. For the other two measures, i.e., CI and DB the semi-supervised algorithms

perform di�erently. It gives poor performance for CI and GAClust shows better

results than semi-supervised algorithms for the DB index. It can be observed

that the CAST algorithm generates a huge number of clusters whereas GAClust

has less number of clusters than CAST. SGAClust also identi�es less number

of clusters than GAClust. Another important observation is to detect more

singleton clusters in GAClust and SGAClust. This creates a di�erence in CI for

CAST, GAClust, and SGAClust. It is noteworthy that the SGAClust algorithm

is better than the SDC algorithm.

Table 3.5: Average internal measures on �ve cancer gene expression datasets.

Algorithm MSE DB BH CI
K-means 0.5317 2.2720 62.9152 0.1693
HC 0.5329 1.8682 62.3143 0.1259
SOTA 0.6597 3.2350 80.2281 0.1984
CAST 0.0599 0.8048 6.7760 0.0573
CLICK 0.6605 2.8258 81.6232 0.1281
GAClust 0.1182 1.0797 14.7863 0.1061
SDC 0.0266 1.3402 2.7707 0.5926
SGAClust 0.0544 1.2665 6.3043 0.3731

Enrichment analysis: Due to the biological complexity, enrichment analysis

for co-expressed genes in real expression data is one of the most commonly used

techniques for biological validation rather than statistical analysis. The best

analytical decision can be made with the aid of biological knowledge, annotation

database, resulting clusters and p-value acquired from statistical methods. In

contrast, co-expressed genes in a cluster are expected to be enriched related to

the biological role. More importantly, enrichment analysis is helpful to determine

the over-representation of given input gene lists over the background set of genes.

The background gene set is compiled from the GO database. The three categories

of GO are BP, MF, and CC. A cluster is considered to be enriched if the p-values

of all the annotation terms are less than the signi�cance cut-o� value. Moreover,
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Figure 3.9: Di�erent cluster validation indices for cancer datasets.
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if one of the annotation terms is from any one of the GO categories, for instance,

BP, it is said to be enriched.

Proposed algorithms discover several genes as outliers, now it is time to

investigate whether reduction of genes really a�ects the enrichment analysis or

not. Among the many available enrichment tools, we have used FuncAssociate

[35] for calculating p-values. FuncAssociate uses Fisher's Exact Test to compute

the hypergeometric functional score and adjusts the score for multiple testing

using another method, named Westfall and Young procedure [35]. It is neces-

sary to convert the gene list into O�cial IDs from A�ymetrix id using web-based

tool Database for Annotation, Visualization and Integrated Discovery (DAVID)

[144]. The resulting clusters discovered from each of the methods are submitted

into FuncAssociate 3.0 [35] one by one as a gene query list. Each of the methods

is evaluated by their potentiality of identifying a total number of enriched GO

terms with 5% signi�cant cut-o� for each dataset. Figure 3.10 depicts the num-

ber of signi�cant GO terms for each method on each dataset. Considering all

the datasets, we see di�erent methods giving the enrichment result in di�erent

numbers of signi�cant GO terms ranging from 3 to 1032.

Considering only unsupervised algorithms, we can observe that HC de-

tects maximum numbers of enriched GO terms on the Bhattacharjee dataset

and the K-means algorithm discovered the highest number of GO terms on the

Singh dataset. It can also be noted that the CLICK algorithm outperforms

among all unsupervised methods for the Amstrong-v2 dataset. Moreover, the

CAST algorithm wins over Laiho and Ramaswamy datasets in this experiment.

Although there is variation in the performance of di�erent datasets for unsuper-

vised algorithms, overall, taking all the �ve datasets together GAClust identi�es

1553 GO terms which is de�nitely higher than any other unsupervised testing

method. Based on unsupervised algorithms, SOTA is considered to be the worst

performer by yielding 1229 numbers of GO terms. While comparing between

semi-supervised and unsupervised methods it can be found that semi-supervised

algorithm i.e., SGAClust outperforms all other methods including GAClust on

every dataset whereas the SDC algorithm shows the worst performance in this

case. SDC algorithm can only identify 384 signi�cant GO terms which is much

much lesser than GO terms identi�ed by the SOTA algorithm.

Next, the central point of our discussion is p-values. For that, we summa-

rize the lowest p-value corresponding to a GO term among all resulting clusters

of each method on every dataset as given in Table 3.6. Lower p-values signify a

better cluster. SGAClust outperforms all other clustering algorithms by giving
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Figure 3.10: The number of enriched terms (shown in y-axis) by six di�erent
methods (shown in x-axis) for di�erent datasets.

the lowest p-values for all datasets whereas SDC gives higher p-values for all

datasets. Interestingly, SOTA yields the second-best p-value for two datasets,

Bhattacharjee and Ramaswamy but it shows the worst performance in the pre-

vious experiment. GAClust also provides lower p-values for datasets Laiho and

Singh among all unsupervised ones and second-best among all methods. CLICK

algorithm also seems to achieve a lower p-value of 1.24E-39 for Laiho while com-

paring with unsupervised methods and is the second-best performer after SGA-

Clust. Moreover, K-means algorithms give the second-best result in this regard

for the Armstrong dataset. Surprisingly, with the reference to the previous dis-

cussion, we can see that the methods which provide a good number of GO terms,

may not give the lowest p-value, for instance, the GAClust algorithm.

Table 3.6: Comparison of p-values among all datasets on various datasets.

Dataset Algorithm GO ID GO Name p-value

Armstrong-v2 K-means GO:0000786 nucleosome 4.96E-24

HC GO:0043299 leukocyte degranula-

tion

1.95E-23

SOTA GO:0031325 positive regulation of

cellular metabolic pro-

cess

1.05E-14

CAST GO:0000786 nucleosome 3.42E-21

CLICK GO:0007165 signal transduction 6.27E-23
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Continuation of Table 3.6

Dataset Algorithm GO ID GO Name p-value

GAClust GO:0007165 signal transduction 2.39E-20

SDC GO:0032502 developmental process 8.18E-14

SGAClust GO:0007165 signal transduction 2.91E-91

Bhattacharjee K-means GO:0070268 corni�cation 1.59E-20

HC GO:0002376 immune system pro-

cess

4.79E-22

SOTA GO:0002376 immune system pro-

cess

1.29E-26

CAST GO:0000786 nucleosome 1.3E-16

CLICK GO:0030198 extracellular matrix

organization

7.88E-22

GAClust GO:0070268 corni�cation 2.16E-19

SDC GO:0044421 extracellular region

part

6.40E-08

SGAClust GO:0007165 signal transduction 2.52E-70

Laiho K-means GO:0031012 extracellular matrix 4.20E-32

HC GO:0031012 extracellular matrix 6.1E-33

SOTA GO:0031012 extracellular matrix 1.85E-37

CAST GO:0031012 extracellular matrix 2.49E-29

CLICK GO:0031012 extracellular matrix 1.24E-39

GAClust GO:0031012 extracellular matrix 4.14E-39

SDC GO:0032963 collagen metabolic

process

1.69E-11

SGAClust GO:0065007 biological regulation 3.15E-72

Ramaswamy K-means GO:0002376 immune system pro-

cess

6.48E-07

HC GO:0097458 neuron part 2.96E-07

SOTA GO:0043005 neuron projection 7.82E-09

CAST GO:0043005 neuron projection 5.89E-07

CLICK GO:0043005 neuron projection 4.69E-08

GAClust GO:0097458 neuron part 1.11E-08

SDC GO:0030425 dendrite 1.11E-06

SGAClust GO:0043005 neuron projection 2.14E-09
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Continuation of Table 3.6

Dataset Algorithm GO ID GO Name p-value

Singh K-means GO:0006614 SRP-dependent co-

translational protein

targeting to mem-

brane

1.8E-75

HC GO:0006614 SRP-dependent co-

translational protein

targeting to mem-

brane

1.8E-75

SOTA GO:0006614 SRP-dependent co-

translational protein

targeting to mem-

brane

2.34E-63

CAST GO:0006614 SRP-dependent co-

translational protein

targeting to mem-

brane

7.48E-69

CLICK GO:0006614 SRP-dependent co-

translational protein

targeting to mem-

brane

3.97E-67

GAClust GO:0006614 SRP-dependent co-

translational protein

targeting to mem-

brane

1.8E-76

SDC GO:0006413 translational initia-

tion

1.97E-15

SGAClust GO:0043005 neuron projection 5.88E-80

3.7 Potential biomarkers identi�cation

In this section, we describe network-based biomarker identi�cation techniques.

The foundation of this technique is based on the clustering results. This technique

uses two user-de�ned thresholds i.e., ϕ for the number of biomarkers and ψ for

the number of clusters.

Network-based biomarker identi�cation technique incorporates external
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biological knowledge with clustering results. To compute the network-based

biomarker for microarray data, �rst, we convert the A�ymetrix gene id to the

o�cial gene symbol by DAVID 6.81 [144] for all clusters of each algorithm. To

calculate the p-value of a cluster, the genes of the corresponding cluster is fed as

input to the FuncAssociate [35] version 3.0 for gene microarrays considering 0.05

as a level of signi�cance. The result obtained gives the p-value corresponding to

GO IDs. This process is repeated for all the clusters. It is signi�cant to men-

tion here that the p-value may not be unique. Next, we sort clusters based on

p-values we consider the ψ distinct p-valued clusters. If multiple clusters have

the same p-values then all of them will be considered and the number of clusters

in such case may be more than ψ. Next, we extract the network module(s) from

each of the signi�cant gene clusters for the prediction of functional interactions.

To determine the biomarkers we �nd out the top (higher) ϕ degree unique genes

from all the constructed networks. We set ϕ = 2 and ψ = 10. The reason for

selecting the parametric values is given in Chapter 4.

For network construction we take the help of GeneMANIA Cytoscape

version 3.3.0 plugin version 3.4.1 [247]. In addition to the genes present in a

cluster, 20 additional related genes are taken into account to create an inter-

action network using an automatic weighing scheme and considering the source

organism as Homo Sapiens. The relationship among the genes which are eval-

uated are co-expression, co-localization, genetic-interactions, pathway, physical-

interaction, predicted, and shared protein domains (default parameter settings

of GeneMANIA Cytoscape). The summary of network-based biomarker identi�-

cation results for all the �ve di�erent cancer datasets is given in Table 3.7. The

identi�ed gene biomarkers are validated through literature.

Among the potential biomarkers, Yu et al. [359] have reported that APP

is highly expressed in AML. Therefore, clinically it has a signi�cant impact on

blood cancer. SETBP1 is considered as oncogene and it de�nes the molecular

characteristics of Leukemia [68]. The mutation of SETBP1 gene is an important

factor in cancer development. The gene ILS1 plays an important key factor in

many cancers including lung tumor [200]. Li et al. [202] have evaluated the

function of gene PBX1 in the proliferation of non-small-cell lung cancer. Lung

cancer is a widely spread oncological disease. The study in [362], has reported

that COL1A2 is treated as tumor suppressor in a colorectal cancer cell and

also provided a therapeutic approach to treat this disease. For colorectal cancer

FBN1 gene may be consider as a promising biomarker [203]. The gene MAGI2

1https://david.ncifcrf.gov/
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Table 3.7: Potential biomarkers identi�cation of di�erent proposed full-space
clustering algorithms using network-based method.

Algorithm Dataset Potential biomarkers
GAClust Armstrong-v2 APP, SETBP1

Bhattacharjee ISL1, PBX1
Laiho COL1A2, FBN1
Ramaswamy MAGI2, NFIA
Singh RPS23, RPS16

SDC Armstrong-v2 MNDA, ELANE
Bhattacharjee EGFR, CPS1
Laiho FN1, PALLD
Ramaswamy MAGI2, TCF4
Singh RPS16, RPS5

SGAClust Armstrong-v2 FN1, APP
Bhattacharjee ISL1, BMP2
Laiho FN1, COL1A2
Ramaswamy MAGI2, TCF4
Singh RPS23, RPS16, RPS3A

is altered in 0.81% of all types of cancers such as lung, colon, and breast cancer2.

The study [104] focuses on the vital role of gene NFIA in multiple cancer types.

Ribosomal protein gene RSP5 is a potential driver of cancer type [27].

Zhao et al. [367] have concluded that ELANE acts as an oncogene in

Leukemia and it is a potential therapeutic target. Overexpression of the gene

EGFR causes wide ranges of multiple cancers3. The study in [340] shows that the

gene CPS1 plays a vital role in the development and prognosis of lung cancer.

The gene FN1 is found to be dysregulated in multiple cancers such as colon cancer

[198]. According to Cancer Genetics Web4, TCF4 plays a useful oncogene role

in ovarian cancer. The gene BMP2 is highly over-expressed in lung cancer tissue

compared to normal tissue [23]. Hence, it enhances the growth of metastasis of

tumor and develops cancer. In the study [267], it has been investigated that

RPS16 gene is useful on tumorigenesis and development of prostate cancer.

3.8 Discussion

In this chapter, we have proposed one unsupervised and two semi-supervised

algorithms which we will discuss next. The proposed unsupervised GAClust is

based on a graph-theoretic clustering algorithm. The main focus of the GAClust

2https://www.mycancergenome.org
3http://www.cancerindex.org/
4www.cancer-genetics.org
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algorithm is to develop a user-de�ned parameter-less clustering and which makes

the algorithm distinct from CAST. Moreover, the GAClust algorithm decides the

threshold dynamically depending on the individual dataset whereas the CAST

algorithm does not provide any guideline. Unlike CAST, GAClust obviates the

need for a cleaning step due to this dynamic threshold as proposed in the original

algorithm. The dynamic computation of thresholds gives very promising results

on applying over di�erent datasets. Further, theoretical analysis of determining

threshold parameters may be one of the future research directions.

The performance of GAClust is compared with �ve state-of-the-art meth-

ods with respect to synthetic and cancer gene expression datasets using both

internal and external measures as a validation criterion. Our algorithm is ad-

vantageous as it does not require the number of clusters a priori. We have also

provided a guideline for the input parameters. The �rst striking conclusion we

can draw is that no algorithm is superior throughout all the measures over all

datasets synthetic as well as real. Indeed, in many cases, we have observed that

one algorithm may give the best result for some metric and may also be worst

considering another metric. From the study, we can say that GAClust is a well-

suited algorithm in comparison with all other methods for synthetic datasets. In

accordance with the real datasets, the GAClust algorithm outperforms all other

comparing methods with respect to biological signi�cance. Hence, GAClust is

biologically more signi�cant than other algorithms. Additionally, GAClust out-

performs all algorithms except for CAST.

We have also proposed two semi-supervised algorithms SDC incorporat-

ing gene ontology in a density-based clustering algorithm and SGAClust which

integrates GO with GAClust. The main advantage of both algorithms is that we

do not have to give the number of clusters as an input. Among these two clus-

ters, SGAClust outperforms all other competing methods. It is being observed

that external domain knowledge gives reliable clusters. Additionally, all three

proposed algorithms are equally e�ective in order to identifying potential cancer

biomarkers. We have validated the found biomarkers from the literature.

We come to the conclusion that a semi-supervised algorithm provides

signi�cant clusters. Biologically it is proven that one gene may participate in

many biological pathways, this allows it to belong to multiple clusters. Not

only that, in the true sense subset of genes are active under certain conditions.

To explore this concept, in the next chapter, we propose an order-preserving

biclustering algorithm to identify biclusters that resembles the true biological

scenario.
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4
Bicluster Analysis of Cancer

Transcriptomics Data

In Chapter 3, traditional clustering approaches have been successfully used to

�nd global patterns from transcriptomics data. The ine�ciency of classical meth-

ods in identifying local patterns has motivated us to shift towards biclustering

algorithms. Chapter 2 presents an overview of biclustering, its type, structures,

and lastly the evaluation procedures to be employed in the validation of obtained

biclusters. In this chapter, we revisit biclustering and propose our own algorithm

to detect biclusters from transcriptomics data. This chapter is structured as fol-

lows. Section 4.1 presents the introduction, Section 4.2 reviews related work in

this domain, and Section 4.3 clearly states the motivation behind our proposed

algorithm. The proposed method is described in Section 4.4 and the complexity

is analyzed in Section 4.5. In Section 4.6, a collection of datasets including arti-

�cial and real cancer data (microarray and miRNA) are considered, to examine

the overall performance of the proposed algorithm with other state-of-the-art

methods. Next, the obtained biclusters are further explored by identifying po-

tential biomarkers in Section 4.7. In this context, we present a frequency-based

biomarker identi�cation method. Finally, a discussion is provided in Section 4.8.
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4.1 Introduction

Biclustering algorithms are based on the premise that a subset of genes partici-

pates in certain cellular processes active under some subsets of conditions [227].

The motivation behind the move from full-space clustering to biclustering algo-

rithm is to investigate several genes which are responsible for diseases and which

in turn expressed strong coherence under a subset of conditions. The need for

biclustering algorithms can be understood by some clinical applications [56, 57].

It is possible that a patient can su�er from more than one disease so biclustering

would be an appropriate technique to use in this scenario. It aids in �nding

the subset of biological factors which causes the disease along with the subset

of genes [116]. Wang et al. [335] �rst applied biclustering algorithms to identify

clinically signi�cant modules in gene expression data to classify breast tumor.

An important biological fact states that co-regulated genes across a lim-

ited set of conditions are trend-preserving while expression values may be dif-

ferent in these experimental conditions [337]. An expression pattern (expres-

sion values of a row under certain conditions) is said to be trend-preserving

when it is order-preserved. The study [337] claims that the biologically trend-

preserving biclusters represent a generalized version of other types of biclusters

which include constant, additive, multiplicative, and additive-multiplicative bi-

cluster types. Among these, additive-multiplicative is considered the most chal-

lenging to identify. From studying the literature we understand that a particular

biclustering algorithm work well for a particular bicluster type [266]. So, it has

become of utmost importance to develop an e�cient biclustering algorithm that

can discover all types of bicluster models. Additionally, gene expression data

has a huge amount of genes and samples. Therefore, we propose a parallel bi-

clustering algorithm named Order-Preserving Biclustering (OPBic) which can

discover biclusters with a maximum subset of rows under a maximum subset of

conditions, which are order-preserved submatrices.

An order-preserved submatrix is a non-contiguous submatrix where ex-

pression values of each row under certain column permutations monotonically

increases or decreases. The key advantage of the OPBic algorithm is that it does

not require the number of biclusters as an input parameter. Our approach to solv-

ing the biclustering problem is based on a well-known string matching problem

called Order-Preserving Pattern Matching (OPPM) [177]. OPPM states that a

pattern P matches a substring of text say T , where the relative order completely

matches P . In our work, we modify the algorithm by focusing on subsequences

of T rather than substrings of T . Some de�nitions relevant to our algorithm is

111



OPBic 4.2. Related work

given next.

De�nition 4.1.1 A substring of a given string is said to be a contiguous sequence

of characters of a string.

For example, if �gene� is a string, then the list of substrings of string �gene� are

�� (empty string), �g�, �e�, �n�, �ge�, �en�, �ne�, �gen�, �ene�, and �gene�.

De�nition 4.1.2 A subsequence of a given sequence is extracted by removing

some of the elements or no elements without changing the original order of the

sequence.

Subsequence is a generalization of substring. Let us again consider the same word

�gene� to demonstrate the concept of subsequence. In this case, the subsequences

are �� (empty string), �g�, �ge�, �gn�, �e�, �en�, �ee�, �n�, �ne�, �e�, �gen�, �gee�, �gne�,

and �ene�.

The performance of the OPBic algorithm is tested using synthetic as

well as real datasets. Our actual intention is to develop an algorithm for seeking

smaller condition set biclusters which most of the algorithms ignore. The per-

formance of the OPBic algorithm is compared with C&C, BicSPAM, BiBit, and

UniBic on synthetic and real datasets. A signi�cant advantage of our method to

others except UniBic is to discover several types of biclusters. UniBic algorithm

misses some small condition-speci�c biclusters whereas our algorithm considers

that too.

Our study aims to examine the cancer gene and miRNA breast cancer

expression pro�les with the help of the proposed biclustering algorithm, OPBic.

The major contributions of this work are:

• A order-preserving biclustering algorithm.

• A synthetic data generator to evaluate biclustering algorithms in an unbi-

ased manner.

• Validation of the proposed OPBic algorithm using both synthetic and real

data.

• Identi�cation of some interesting potential biomarkers.

4.2 Related work

In this chapter, we focus on �nding order-preserving submatrices. Ben-Dor et

al. [32] have developed an e�ective OPSM algorithm to discover large order-

preserving biclusters from gene expression data that exhibit similar trends over
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some subsets of conditions, using a statistical approach. Prelic et al. [278] show

that the OPSM is more capable of capturing biologically signi�cant patterns

compared to other competing methods. OPSM mining problem is gaining a lot

of attention in this area of research [65, 67, 106, 107, 113]. However, in reality, the

gene expression data is noisy by nature, and therefore the OPSM algorithm faced

di�culty in locating identical trends. To address this issue, many noise-tolerant

variants of the OPSM algorithm have been developed [105, 106, 363].

Xue et al. [348] have developed an exact algorithm based on frequent

sequential pattern mining to identify all deep OPSMs by disclosing all common

subsequences (ACS) between all pairs of rows. Cheung et al. [65] have extended

the idea of OPSM by converting the problem into sequential pattern mining to

enable the discovery of coherent patterns that exhibit rise and fall over sub-

spaces. Jhang et al. [363] have devised a noise-tolerant algorithm named AOPC

(Approximate Order-Preserving Cluster) which requires a pre-speci�ed fraction

of rows to induce identical attribute order instead of �nding the same linear or-

der of columns. Further relaxation of AOPC is considered in ROPSM (Relaxed

Order-Preserving Submatrix) [105] which allows all the rows of a bicluster to

have similar backbone order.

A robust OPSM method called OPSM-RM with repeated measure-

ments [67] conducted multiple experiments to handle noise. The Bucket OPSM

(BOPSM) model has discovered patterns by exploiting signi�cant associations

among rows and columns inducing linearity relaxation [106]. A generalized ver-

sion of AOPC, ROPSM, and BOPSM are GeBOPSM which allows the rows to

be induced with di�erent integers than in OPSM [106]. The Probabilistic OPSM

(POPSM) model aim at capturing similar local correlations among rows under

columns from probabilistic matrices with data uncertainty [107]. Gao et al. [113]

have proposed another sequential pattern mining approach referred to as deep

OPSM, corresponding to long patterns with few supporting sequences. The KiWi

framework uses two parameters i.e., k and w corresponding to bound for search

space and computational resources for identifying deep OPSMs.

Recently, Pio G. et al. in [69] and [274] have proposed distributed clus-

tering and classi�cation approach for microarray gene expression data and sig-

ni�cantly achieved better performance than the traditional approach.
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4.3 Motivation

A wide variety of biclustering algorithms have been proposed in the context of bi-

ological data to uncover genetic relationships. Among all biclustering algorithms,

pattern-based biclustering algorithms are widely used in analyzing gene expres-

sion data based on pattern similarity rather than distance similarity [348]. While

comparing genes under di�erent experimental conditions, it is assumed that rel-

ative expression levels of genes are more meaningful than absolute expression

values [348]. Therefore, we concentrate on pattern-based subspace clustering to

solve the biclustering problem.

Designing a new biclustering algorithm is actually a very challenging task.

In the literature, more than �fty biclustering algorithms are present. Most of the

algorithms are capable of identifying only one or two types of biclusters and ig-

nore the rest. UniBic is capable of identifying six major types of biclusters, i.e.,

column-constant, row-constant, multiplicative, additive, additive-multiplicative,

and trend-preserving. UniBic algorithm focuses on the local similarities there-

fore it loses global reference. It is able to identify the longest order-preserving

biclusters and is not able to capture the narrow biclusters which have a lower

number of rows with respect to a large number of samples. UniBic misses some

small condition-speci�c biclusters whereas our algorithm considers that too.

A limited e�ort has been made to develop a parallel biclustering algo-

rithms in [40] and [209] which improve the running time of biclustering algo-

rithms. Both the algorithms are based on some scores therefore it does not em-

ploy the goodness of pattern-based biclustering. Through our proposed method,

we tried to investigate almost all possible combinations for bicluster identi�ca-

tion. It considers the important features of pattern-based subspace clustering

and parallel computing for developing biclustering algorithms.

4.4 Proposed method

We aim to �nd all coherent biclusters which have high biological signi�cance. In

this section, we describe in detail the parallel OPBic algorithm, which is capable

of identifying all types of bicluster models. The fundamental idea behind the

algorithm is presented in Figure 4.1.

It takes four input parameters: the minimum number of rows Rmin, the

minimum number of conditions Cmin, the number of workers W , and the max-

imum overlap allowed Omax. The algorithm starts by transforming the input

matrix into order matrix which is horizontally partitioned equally and distributed
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among multiple workers. Each worker computes the list of condition patterns by

applying a modi�ed version of the All Substrings Common Subsequence (ALCS)

algorithm [9]. All generated unique condition patterns are stored in the master.

Later, equal amounts of condition patterns are sent to multiple workers for paral-

lel execution. Each worker produces a list of biclusters and returns the solution

to the master to get a �nal list. Prior to �nalizing the biclusters, we remove

candidate biclusters that have high overlaps (i.e., Omax > 25%). The value of

Omax is assumed to be 25% as in [98, 266, 278]. The advantage of this algorithm

is that it does not require the number of biclusters a priori.

4.4.1 Creation of order matrix

De�nition 4.4.1 Let, A = {a1, a2, . . . , an} and B = {b1, b2, . . . , bn} =

asc_sort(A) be the two expression patterns. Consider a column index I =

{1, 2, . . . , n}. We de�ne the order of an expression value aj as O(aj) = {r|r ∈ I},
which satis�es aj = br and j = {1, 2, . . . , n}. So the order of an expression pat-

tern can be described as O(A) = {O(a1),O(a2), . . . ,O(an)}.

Essentially, an order of an expression pattern is the permutation of the columns;

in other words, it induces a linear re-ordering of the conditions based on the

ascending ordered expression values. It represents the index of sorted values for

an input pattern. If two values are identical, then ties are broken by assigning

the lower value to the lower column index. An order matrix OM is obtained

from the expression data ED for each pattern mentioned above.

To illustrate the concept of order, consider the expression matrix with

three rows g1, g2, and g3 over six conditions c1, c2, c3, c4, c5, and c6 demonstrated

in Figure 4.2. The order of each row is O(g1) = {6, 3, 1, 2, 5, 4} and O(g2) =

{3, 1, 2, 6, 5, 4}. In case of tie, e.g. consider the expression values of g3 where

both c1 and c2 have same (= −1) value, we apply the rule that smaller column

index c1 will get the higher order than c2. Therefore, the order of g3 is O(g3) =

{3, 1, 2, 6, 5, 4}. The corresponding order matrix is also shown in 4.2.

4.4.2 Generation of unique condition patterns

Partitioning the order matrix: We divide OM horizontally into W number

of equal partitions depending on available workers, where the last partition always

gets either equal or slightly fewer instances. Each of the partitions is distributed

across W workers for further computation.
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Figure 4.2: Illustration of an order matrix from input data. The input data
consists of three rows and six columns where each entry of matrix shows the real
expression values. The input data is transformed into an order matrix.

Applying mALCS: We apply mALCS (modi�ed All Substrings Common

Subsequence) [9] between every pair of rows for each worker to get the signi�cant

condition patterns.

De�nition 4.4.2 Given two sequences of patterns, P = {p1, p2, . . . , pn} and Q =

{q1, q2, . . . , qn}, the ALCS problem produces the length of longest string for every

pair of P and substring Qs of Q that is a subsequence of both P and Qs [9].

The LCS algorithm is used to �nd the Longest Common Subsequence between

P and Q. ALCS is a generalization of LCS. We use mALCS, which identi�es

the condition patterns by LCS between every pair of P and restricted length

substring Qs
r of Q, where |s| = n − l + 1, Cmin ≤ l ≤ |Q| i.e., the minimum and

maximum lengths of the substrings are Cmin and |Q|, respectively. We consider

the sequence rather than the length. We use the unique condition patterns for

further computation. Every worker generates a set of condition patterns for the

partition received by them.

Figure 4.3 illustrates the generation of unique condition patterns in

details. Here, we consider two patterns, say g1 = {6, 3, 1, 2, 5, 4} and g2 =

{3, 1, 2, 6, 5, 4}. These two patterns are permutation of columns or conditions.

Next, we consider the substrings of g2 which is restricted to the minimum length

as Cmin = 3. Hence, we get substrings {3, 1, 2}, {1, 2, 6}, {2, 6, 5}, {6, 5, 4},
{3, 1, 2, 6}, {1, 2, 6, 5}, {2, 6, 5, 4}, {3, 1, 2, 6, 5}, {1, 2, 6, 5, 4}, and {3, 1, 2, 6, 5, 4}.
Next, we identify the LCS between g1 and all the substrings as shown in Figure

4.3-C. Now, we remove the obtained results whose length is < Cmin. Thus we

have {3, 1, 2}, {6, 5, 4}, {3, 1, 2}, {1, 2, 5}, {2, 5, 4}, {3, 1, 2, 5}, {1, 2, 5, 4}, and
{3, 1, 2, 5, 4} results. After that duplicates are removed to get distinct strings.

Final condition patterns: We obtain all solutions from the workers and re-

move duplicates to obtain the �nal condition patterns.
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Figure 4.3: Identifying condition patterns. (A) It is an ordered data between g1

and g2. (B) Substrings of g2 considering the minimum length as Cmin = 3. (C)
Result of LCS between g1 and the substrings depicted in B. (D) Removing the
strings which have the length < Cmin. (E) Condition patterns after removing
the duplicates.

4.4.3 Identi�cation of biclusters

Partition condition patterns: This step is initiated by partitioning the �nal

condition patterns equally and sending the partitions to the available workers to

identify biclusters. The last worker gets a smaller or equal amount of data than

the other workers.

De�nition 4.4.3 Two expression patterns, A = {a1, a2, . . . , an} and B =

{b1, b2, . . . , bn} are said to be order-preserved under subset of conditions, J =

{1, 2, 3, . . . , y}, if they satisfy the relation O(A) = O(B), i.e., the order of each

of the components of two patterns are equal.

Formation of a bicluster: The core task of our algorithm is to identify an

order-preserving submatrix that is strictly monotonically increasing using an

OPPM algorithm on the basis of condition pattern. This problem is solved

by locating a fragment of text which is order-isomorphic to the pattern. Let the

two sequences X and pat of length n be order-isomorphic, and pat[a] ≤ pat[b] if

and only if X[a] ≤ X[b] for all a, b = {1, 2, . . . , n} [182]. Next, we take a closer

look into the de�nition 4.4.4 to understand the concept.

De�nition 4.4.4 Suppose, we have two sequences (orders) X = (x1, x2, . . . , xn)

and pat = (y1, y2, . . . , ypt) where |X| ≥ |pat|. Given an integer w such that

w = |pat|, an exact match consists of �nding a sequence of size w from X which

includes pattern pat as a subsequence i.e., the values y1, y2, . . . , ypt occur in X, in

the same order as in pat, but not necessarily consecutive (they might be interleaved
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with other values in the pattern).

For each worker, we take each condition pattern to form a single bicluster

βI×J . We keep on adding OPPM rows for a condition set J where the number of

rows ≥ Rmin, i.e., |I| ≥ Rmin. In Figure 4.4, rows {g1, g2, g3} are order-preserved
over three conditions {c1, c2, c3} as all the patterns follow same sequence. There-

fore, β1 = ({g1, g2, g3}, {c1, c2, c3}) forms a bicluster. The details of all other

biclusters are given in Figure 4.4.

Figure 4.4: Identifying condition patterns. (A) The input parameters for biclus-
ter identi�cation are condition patterns, order matrix, and Rmin. (B) Based on
each condition pattern we identify the biclusters β1, β2, β3, and β4. Minimum
number of rows are present in a single bicluster. (C) Merging of two biclusters
are done depending on unique row sets. Here, we merge β1, β2, and β4 to form a
merged bicluster β11 and β21 represents the previous β3 bicluster.

Merging of biclusters: We merge two biclusters if they have the same sets

of rows. We add columns to a bicluster. Hence, we get approximately order-

preserved biclusters. From Figure 4.4, we clearly observe that biclusters β1, β2,

and β4 have same set of rows. Therefore we merge them to form a bicluster say,

β11 = ({g1, g2, g3}, {c1, c2, c3, c4, c5, c6}).

Final set of biclusters: Biclusters identi�ed by all the workers in parallel, are

combined into a single list of biclusters. We follow the same procedure as above

to merge the biclusters.
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4.4.4 Pruning of biclusters

To get the �nal list of biclusters we remove those biclusters where the overlap

between two biclusters is more than a user-de�ned threshold, i.e., Omax. To

remove biclusters, we �rst determine the size of each bicluster i.e., |I| × |J | and
calculate the overlap score between two biclusters, say β1 and β2 using Equation

4.4.1. We keep the large biclusters and remove the smaller biclusters which have

large overlaps (> Omax).

O =
|β1 ∩ β2|

min(|β1|, |β2|)
(4.4.1)

4.5 Time complexity

The biclustering problem is intractable, therefore it is highly challenging to de-

velop e�cient and e�ective algorithms [337]. Biclustering problem is an NP-hard

problem. We compute the algorithmic complexity in order to evaluate the e�-

ciency of our algorithm. Let, EDm×n be the expression matrix of m number of

genes and n number of samples, W be the number of workers, and S be the num-

ber of substrings. OPBic takes O(m(n log n)) time to compute order matrix. The

fundamental step of OPBic is to �nd mALCS which essentially takes O(
m
W
2 n2S)

time. The number of substrings is dependent on n − l + 1 where the value of l

ranges from Cmin to n. The biclusters are generated from each of the condition

patterns. In the next step we combine the result of each of the workers and �nd

the unique conditions patterns. This step takes O(W
m
W

2 S) time. The cost of iden-

tifying bicluster identi�cation task is O(
m
W
2 Sm(n + n log n)). Combining all the

biclusters from di�erent workers and to eliminate the duplicate biclusters the al-

gorithm takes O(W
m
W

2 r̄s̄) time and r̄s̄ is the average size of the biclusters. Finally,

the removal step takes O((W
m
W

2 r̄s̄)2) time. The overall worst case time complexity

is O(m(n log n)+
m
W
2 n2S+W

m
W

2 S+
m
W
2 Sm(n+n log n)+W

m
W

2 r̄s̄+(W
m
W

2 r̄s̄)2). The re-

sulting time complexity of OPBic approximately isO(
m
W
2 (n2S+Smn+

m
W
2 (Wr̄s̄)2)).

To compare our algorithm, we use di�erent biclustering algorithms and

estimate the individual time complexity. Let, β be the total number of all

inclusion-maximal biclusters in the input matrix, q be the separation percent-

age parameter, K the number of biclusters, r̄s̄ the average size of the biclusters,

and ℘ the time to compute sequential pattern mining task. Then the time com-

plexity of C&C, BiBit, BicSPAM, and UniBic algorithms are O(mn), O(m3β),

θ(min((m2 ), n)℘ + (KK
2

)r̄s̄), and O(q2m2n2). OPBic has high computational com-

plexity which is one of the reasons that we have tried it with parallel computing.

After using parallelism, it has been found that OPBic gives good quality biclus-
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ters, which is our goal, even at the expense of computational cost.

4.6 Performance analysis

This section presents the performance of OPBic and shows its e�ectiveness com-

pared to other state-of-the-art methods. OPBic is implemented in MATLAB

2016 on an Intel processor with 64 GB RAM. To assess the performance of the

proposed contribution, we perform empirical assessment systematically. We an-

alyze a total of 360 arti�cial datasets and three real datasets. The biological

relevance of the biclusters identi�ed by OPBic from miRNA expression datasets

is assessed at the end of this section. For comparison, we take four recent and pop-

ular biclustering tools, C&C [64], BiBit [284], BicSPAM [134], and UniBic [337].

The reason behind selecting BicSPAM and UniBic is that all these algorithms

aim to identify order-preserved submatrices. C&C is the pioneering biclustering

algorithm and BiBit [284] performs well for up-regulated cases. For our experi-

ment, we use the codes available as R packages, biclust [170] and BiBitR [78] for

C&C (synthetic data) and BiBit algorithms, respectively. We also use Java-based

tool available in Biclustering Analysis Toolbox (BicAT) Plus [5] for C&C (only

for real data), Biclustering based on PAttern Mining Software (BicPAMS) for

BicSPAM [132] and C implementation for UniBic [337]. Table 4.1, summarizes

the codes and parameters used for the di�erent biclustering algorithms.

4.6.1 Synthetic datasets generation

In general, a biclustering algorithm is developed either to identify a particular

type of biclustering model or to make it perform better on various bicluster-

ing models. Therefore, it is essential to do a fair comparison by considering all

bicluster types. In this study, we use three testing scenarios when generating

synthetic data. They are (a) scenario 1 (single implanted bicluster [98]), (b)

scenario 2 (variable sized background matrices with variable number of vari-

able sized implanted biclusters [133]), and (c) scenario 3 (overlapped biclus-

ters). Eight di�erent biclustering models as given in Chapter 2, namely constant,

row-constant, column-constant, constant, up-regulated, additive, multiplicative,

additive-multiplicative, and trend-preserving are used to select the best suited

model for a particular biclustering algorithm and to avoid misleading results.

At �rst, the background entries of synthetic datasets are chosen ran-

domly from normal distribution N(0, 1) (µ 0 and σ 1) and the values of smaller

sized implanted submatrices are modi�ed according to the eight di�erent biclus-
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Table 4.1: The meaning of parameters for di�erent biclustering algorithms.

Method Implementation
used

Parameters Meaning Year

C&C [64] R [170] δ Maximum mean square residue 2000
α A threshold for multiple node dele-

tion
K No. of biclusters

BiBit
[284]

R [78] Rmin Minimum no. of rows 2011

Cmin Minimum no. of columns

BicSPAM
[134]

BicPAMS [132] Coherency assumption 2014

Coherency strength
Quality
Normalization
Discretization
Noise handler
Symmetries
Missing handler
Remove elements
Stopping criteria (No. of biclusters
before merging)
Minimum number of columns
Number of iterations
Coherency orientation
Pattern representation
Pattern miner
Scalability enhancer
Merging procedure
Filtering procedure (Dissimilar ele-
ments)

UniBic
[337]

C [337] k Minimum column width of the block 2016

f Filtering overlapping blocks
c Consistency level
K No. of biclusters
q Quantile discretization
r The number of ranks

tering types. The expression values of constant and up-regulated biclusters are

modi�ed with 0 and 5, respectively [266]. A row or column-constant bicluster is

generated by randomly selecting the base row or column, which is replicated in

other rows and columns within the hidden bicluster. Each row of an additive-

multiplicative bicluster model is modi�ed by adding randomly generated additive

and multiplicative factors using the normal distribution N(0, 1) with a randomly

selected base row within known biclusters. On the other hand, additive biclusters
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are created in the same way, as mentioned in the previous model with scaling

factor 1. Multiplicative biclusters are also generated in the same way, as men-

tioned in the additive-multiplicative model with additive factors 0. Biologically,

trend-preserving is considered to be the most important type of bicluster, which

is produced by selecting a random base row from the hidden bicluster and re-

arranging the other rows according to the same order of base rows within the

submatrix [337].

Usually, it is often observed from the original gene expression dataset that

the number of genes is more than the number of conditions. This characteristic of

expression data is re�ected in our arti�cial datasets. For the �rst testing scenario,

we consider the background matrix of size 500 rows and 50 columns with one

implanted bicluster of size 70 × 40 which occupies 11.2% area of background

matrix with no noise. For each bicluster model, we generate 10 instances of

data matrices (in total 80) and results are summarized as an average across 10

matrices for the selection of the best-suited biclustering model for each algorithm.

The heatmap of eight di�erent biclustering models for scenario one is depicted

in Figure 4.5 showing only one instance.

In the second scenario, the matrix size is varied from 100×30 to 1000×70.

The number of implanted biclusters are also varied from 2 to 5 with the variation

of hidden bicluster sizes without noise and overlap. An overview of the datasets is

given in Table 4.2. For each background matrix, biclusters are implanted into it.

There are lower and upper bound for both rows (referred to as RL and RU) and

columns (referred to as CL and CU). Given a background matrix, suppose there

are K implanted biclusters then the biclusters rows increment as RL + (i− 1) ∗ 5

and columns increment as CL + (i− 1) ∗ 1 where i = {1, 2, . . . , K}. For example,

for the second column of Table 4.2, there are 2 implanted biclusters of size (i)

10 rows 9 columns and (ii) 15 rows 10 columns. For the third column there are

four implanted biclusters of size (i) 15 rows 10 columns, (ii) 20 rows 11 columns,

(iii) 25 rows 12 columns, and (iv) 30 rows 13 columns. Therefore, we see the

number of rows increase by 5 and columns increase by 1. Similarly, we �nd the

�ve implanted biclusters of column fourth of the Table 4.2. The area covered by

the biclusters is decreased by increasing background matrix size, as reported in

[134]. For each setting, the data generation is repeated 10 times for each of the

eight models (total 240) and results are presented as the average performance

across these matrices. The heatmap for scenario 2 of one instance is presented

in Figure 4.6.

We also perform the experiment to check the capability of the biclus-
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(a) Constant bicluster (b) Column-constant bicluster

(c) Row-constant bicluster (d) Up-regulated bicluster

(e) Additive bicluster (f) Multiplicative bicluster

(g) Additive-multiplicative bicluster (h) Trend-preserving bicluster

Figure 4.5: Heatmap of eight di�erent data matrices for scenario 1.
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(a) Constant biclusters (b) Column-constant biclusters

(c) Row-constant biclusters (d) Up-regulated biclusters

(e) Additive biclusters (f) Multiplicative biclusters

(g) Additive-multiplicative biclusters (h) Trend-preserving biclusters

Figure 4.6: Heatmap of eight di�erent data matrices for scenario 2.
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Table 4.2: A brief description of generated datasets. The �rst row denotes the
size of the background matrix in terms of the number of rows and the number
of columns. The second row says the number of implanted biclusters in the data
matrix. The third and fourth rows present the bicluster size in terms of rows (R)
and columns (C), respectively, which is speci�ed by the lower (L) and upper (U)
range.

Background matrix size 100 ×30 500 × 50 1000× 70
Implanted biclusters 2 4 5
Bicluster rows [RL, RU ] [10,15] [15,30] [20,40]
Bicluster columns [CL, CU ] [9,10] [10,13] [11,15]
Total biclusters area % 8 4.24 2.86

tering algorithm to discover overlapping biclusters in the third scenario. For

this purpose, we take the background matrix of size 500 × 50 where we plant

three trend-preserving biclusters of size 15× 15 each because biologically trend-

preserving is the most signi�cant pattern [337]. The overlapping degree is 0× 0,

3× 3, 6× 6, and 9× 9. We repeat these 4 overlapping experiments 10 times to

get 40 data matrices. The heatmap for scenario 3 of one instance is presented in

Figure 4.7.

(a) 0× 0 biclusters (b) 3× 3 biclusters

(c) 6× 6 biclusters (d) 9× 9 biclusters

Figure 4.7: Heatmap of eight di�erent data matrices for scenario 3.
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Parameter settings for di�erent biclustering algorithms

The success of any algorithm is highly dependent on appropriate parameter se-

lection. Parameters are set as recommended by the authors, wherever possible.

For a fair comparison, we use parameters such as the number of biclusters, the

minimum number of rows and the minimum number of columns by providing the

true values as per synthetic dataset creation [266]. The parameter settings for

di�erent synthetic datasets is shown in Tables 4.3, 4.4, and 4.5 for scenario 1,

scenario 2, and overlapping experiments, respectively.

Table 4.3: Parameter values of di�erent biclustering algorithms on scenario 1.

Method Parameters Scenario 1 (500× 50)
C&C K 1
BiBit Rmin 70

Cmin 40
BicSPAM Coherency strength 7-9, 11, 14-17, 19, 20

Minimum number of columns 7
Filtering procedure 75%

UniBic K 1

Table 4.4: Parameter values of di�erent biclustering algorithms on scenario 2.

Method Parameters Scenario 2
200× 30 500× 50 1000× 70

C&C K 2 4 5
BiBit Rmin 10 15 20

Cmin 9 10 11
BicSPAM Coherency strength 20 20 20

Minimum number of columns 5 7 8
Filtering procedure 75% 75% 75%

UniBic K 2 4 5

C&C algorithm allows the values of δ and α to be 0.5 and 1.2, respectively

[64]. Whereas the parameter K takes the exact number of implanted biclusters

for synthetic data and K = 100 for real data. BiBit [284] algorithm works with

binary data. We directly use the synthetic data without normalizing it. The

discretization step initiates by dividing the range [−3, 3] into equally-spaced 12

[284] levels and have discretized the expression value between 0 and 11, where

each value corresponds to one level. For each level, a new binary matrix will be

created. Here we consider only the highest level, such as 3 [266]. The new matrix

is composed of 1 if the expression value is greater or equal to 1 or 0 otherwise.

It also requires a minimum number of rows and a minimum number of columns
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Table 4.5: Parameter values of di�erent biclustering algorithms on overlapping
data (scenario 3).

Method Parameters Overlap experiment
0× 0 3× 3 6× 6 9× 9

C&C K 3 3 3 3
BiBit Rmin - - - -

Cmin - - - -
BicSPAM Coherency strength 20 20 20 20

Minimum number of columns 7 7 7 7
Filtering procedure 75% 75% 75% 63%

UniBic K 3 3 3 3

as input for the expected bicluster. According to the original paper, the values

of Rmin and Cmin is selected as 2 and 2, respectively. These are used in a real

dataset. But in the case of the synthetic dataset, we provide the correct number

of input for expected biclusters for synthetic data.

The default parameterization of the BicSPAM [134] algorithm includes

row-oriented normalization, Gaussian discretization, removal of missing values,

row-oriented IndexSpan pattern, and merging procedure with 80% overlapping.

For determining more meaningful biclusters we keep the same overlapping value

as the OPBic algorithm. The algorithm decreases the support threshold it-

eratively until it discovers 50 non-similar biclusters. Moreover, we use order-

preserving as coherency assumption, 80 as quality, zero-entries is being removed

and no noise is present in the dataset. The reliability of the algorithm depends

on a single iteration and the number of the minimum condition is determined

by the square root of the number of columns. These parameter settings are the

same for both synthetic and real datasets.

The default values of the parameters k, f , c, q, and r for UniBic [337] are

5% of columns (minimum 2), 1, 0.85, 0.50, and column number of background

matrix. We have only adjusted the parameter K for di�erent datasets. We keep

K = 100 for real dataset.

Parameter settings for OPBic algorithm

OPBic algorithm takes four parameters such as minimum no. of rows Rmin,

minimum no. of columns Cmin, maximum overlap Omax, and number of workers

W . The serial version of the algorithm takes the same input parameters, whereW

is treated as the number of data partitions. To determine the number of workers

W for the OPBic algorithm, we have experimented on datasets given in Table

4.6. The parameters of the OPBic algorithm for synthetic datasets are chosen
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Table 4.6: A description of synthetic datasets used to determine number of work-
ers.

Background matrix size 100× 30 200× 50
Implanted biclusters 2 3
Bicluster rows [RL, RU ] [10,15] [15,25]
Bicluster columns [CL, CU ] [9,10] [10,12]
Total biclusters area % 8 6.7

very carefully and experimentally given in Table 4.7. To select Rmin and Cmin, we

take the additive-multiplicative biclustering model as it is considered as the most

di�cult case for identifying the biclusters. Rmin and Cmin are chosen in such a

way so that it resembles the exact or similar number of biclusters as it is planted.

The parameter Omax is considered as 0.25, as mentioned in the paper [278]. For

determiningW , we run the parallel and serial version of OPBic depending on the

availability of the workers i.e., from 2 to 10 on trend-preserving biclustering model

because the algorithm is capable to determine trend-preserving biclusters. We

calculate the time for parallel (tp) and serial (ts) version to identify the biclusters.

For both versions, we run the algorithm 5 times for each worker. After that, we

compute the average speed-up S and e�ciency E using the Equation 4.6.1 and

4.6.2, respectively.

S =
ts
tp

(4.6.1)

E =
S

W
(4.6.2)

Table 4.7: Parameter settings for synthetic datasets.

Background matrix size No. of biclusters Rmin Cmin Omax W
100× 30 2 6 6 .25 5
200× 50 3 7 7 .25 10
500× 50 1 16 16 .25 10
500× 50 4 7 7 .25 10
1000× 70 5 8 8 .25 10

Figure 4.8 depicts the speed-up and parallel e�ciency curve, from which

we can easily determine the number of workers. For dataset 100×30 and 200×50,

maximum speed-up can be found at worker numbers 5 and 10, respectively. Since

the maximum number of workers is 10 and from the Figure 4.8 it can be observed

that larger dataset among these two datasets the maximum speed-up can be

found at worker number 10. So, for the rest of the paper, we have considered the
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number of workers as 10.
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Figure 4.8: Speed-up and e�ciency curve on two synthetic data.

For the overlap experiment, we set the parameters as Rmin = 9, Cmin =

9, Omax = 0.25, and W = 10 for all the overlapped synthetic datasets except for

the highest overlapped degree. In this case, the hidden bicluster is overlapped

by 9 rows and 9 columns, so that the proportion of mutual element is 36% size

of the implanted bicluster is of [266]. Therefore, we allow a maximum overlap of

0.36 for the OPBic algorithm in this scenario.

4.6.2 Performance on synthetic datasets

The accuracy of a resulting bicluster can be assessed in multiple ways with respect

to implanted biclusters. The most popular and widely used evaluation metric is

MS (Equation 2.3.30) reported in [278] and presented in Chapter 2.

Results for scenario 1

The average performance of the �rst set of the synthetic dataset over all biclus-

tering algorithms is presented in Figure 4.9. The reason behind this experiment

is to avoid misleading results by considering all biclustering models. In this �g-

ure, we see that OPBic and UniBic perform consistently well in all test cases.

Table 4.8 summarizes the model selection of each of the biclustering algorithms

which are subsequently used in the second set of arti�cial data. In this table, we

put a symbol `Y' to indicate that the algorithm speci�ed by the corresponding

row is capable to identify the model given in the column. For each biclustering

algorithm, the model is chosen in such a way that the average relevance and

recovery score achieves a value more or equal to 0.7.
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Figure 4.9: Relevance and recovery scores with error bars (range) of di�erent
biclustering algorithms on eight di�erent biclustering models over scenario 1.
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Table 4.8: Model selection of each of the biclustering algorithms.

Algorithm Cnst C_cnst R_cnst U_reg Add Mul A_mul Trnd_pres
C&C Y Y Y Y
BiBit - - - Y - - - -
BicSPAM Y Y
UniBic Y Y Y Y Y Y Y
OPBic Y Y Y Y Y Y Y
Abbreviations: Cnst: Constant, C_cnst: Column-constant, R_cnst: Row-
constant, U_reg: Up-regulated, Add: Additive, Mul: Multiplicative, A_mul:
Additive-multiplicative, T_pres: Trend-preserving

Among all biclustering approaches, OPBic and UniBic are capable of

identifying all biclustering models with good average relevance and recovery

scores (above 0.7) except the additive-multiplicative type. It is worth mention-

ing that the higher recovery score means that the algorithm is quite capable

of �nding implanted biclusters and a higher relevance score describes that the

found biclusters are highly relevant to the original biclusters. In the case of the

constant biclustering model, OPBic is equivalent to the UniBic algorithm with

an average relevance score of 1 for OPBic and 0.997 (' 1) for UniBic, and an

average recovery score of 1 for OPBic and 0.997 (' 1) for UniBic. Similarly, the

performance of the OPBic algorithm is equivalent to that of the UniBic algo-

rithm in the case of the row-constant model with both average relevance score

and average recovery score of 1 for OPBic versus 0.999 (' 1) for UniBic. The

OPBic and UniBic algorithms overwhelmingly outperform all other competing

biclustering methods for column-constant, additive and trend-preserving mod-

els by scoring 1 for both average relevancy and average recovery score. In the

Up-regulated model, BiBit and UniBic algorithms successfully identify biclus-

ters with average relevance and average recovery score of 1 and 0.996 (' 1),

respectively. OPBic discovers up-regulated biclusters with a match score (both

relevancy and recovery) of 0.92. For the additive-multiplicative model, BicSPAM

performs signi�cantly better than other biclustering techniques with an average

relevance score of 0.58 compared to the second-highest average relevance score

of 0.53 for OPBic.

C&C shows the best performance with a data matrix with trend-

preserving biclusters and is also good for discovering constant type biclusters.

So, it is expected that C&C can discover up-regulated bicluster also. However,

Figure 4.9 con�rms that it shows the poorest output for up-regulated biclusters

among the six algorithms. The reason behind this behavior can be found in [266].

BiBit is only capable of discovering up-regulated biclusters because we use the
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highest level in a discretization step, which considers only up-regulated values.

BicSPAM achieves moderately good performance for the column-constant and

additive biclustering model.

Taking all the results together, the overall comparisons con�rm that

UniBic is slightly inferior to OPBic in the case of constant, row-constant and

additive-multiplicative models. On the other hand, the performance of UniBic

is higher than OPBic in terms of up-regulated and multiplicative models. So,

we can state that OPBic signi�cantly outperforms almost all other biclustering

algorithms and is a close competitor of the UniBic algorithm. Next, we analyze

the performance of the proposed algorithm in obtaining biclusters with a varying

number of implanted biclusters.

Results for scenario 2

To study the capability of the OPBic algorithm with an increasing number of

biclusters, we further test the selected algorithms which successfully identi�es

bicluster models in the previous experiment with the second set of synthetic

datasets on the eight models. For each biclustering algorithm, the model is cho-

sen in such a way that the average relevance and recovery score is more or equal

to 0.7 in scenario 1. No algorithm performs well for additive-multiplicative bi-

clusters. Therefore, we consider only OPBic and UniBic results for the additive-

multiplicative patterns though they do not perform well in scenario 1. The

comparison results of relevance and recovery scores of all approaches are given in

Figure 4.10. The �gure suggests that the OPBic algorithm performs best in terms

of relevance and recovery scores for constant, additive, additive-multiplicative,

row-constant, and trend-preserving models throughout all test matrices in com-

parison to all competing biclustering methods. UniBic holds the second-best

position for aforementioned bicluster types in terms of both relevance and recov-

ery scores. We execute C&C for constant, column-constant, row-constant and

trend-preserving types and found it to be the worst performer in this scenario.

In the column-constant model, the recovery scores of the OPBic algorithm are

higher than UniBic, C&C, and BicSPAM but the relevance scores of BicSPAM

are higher than OPBic. A �uctuating result can be seen for the multiplica-

tive model. In the multiplicative model, OPBic performs lower than UniBic for

smaller sized matrices, equivalent performance for medium-sized matrices and is

better than UniBic for large-sized matrices. As in the previous case, here also no

algorithm can beat BiBit for up-regulated bicluster type with an increasing num-

ber of biclusters and test matrices. Thus, from the overall comparison, we can
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conclude that OPBic outperforms all other biclustering algorithms for scenario

2.

Results for scenario 3

We test the four biclustering algorithms on synthetic datasets with overlapping

biclusters for trend-preserving. The purpose of this experiment is to test the

e�cacy of our algorithm whether it can identify the overlapped biclusters or not.

We have considered all biclustering algorithms except BiBit, as it only works for

up-regulated bicluster type. The average relevance and recovery scores of each of

the test matrices are shown in Figure 4.11. OPBic can �nd implanted biclusters

with (i) no overlap and (ii) 3 × 3 overlap with higher relevance and recovery

scores than the other three algorithms. Another observation is that OPBic has

high relevance scores as the overlap degree increases in contrast to all other

algorithms. But a strange behavior can be found with overlap degree 6×6, where

UniBic has better recovery scores than our algorithm. The possible reason for

such behavior is due to three datasets among ten datasets, where the implanted

biclusters were not found accurately. As we take the average of the results of all

10 datasets, it impacts the average recovery and relevance values. The results

are also dependent on the minimum number of conditions and it may identify

biclusters with a lower number of conditions that are already eliminated in the

preliminary investigation of our algorithm. However, considering all overlapping

degrees OPBic shows better performance with respect to recovery scores than

any other biclustering algorithms except UniBic for 6×6 overlap. Regarding the

relevance score then OPBic outperforms all three algorithms. C&C algorithm

shows the worst performance for identifying overlapping biclusters. For most of

the overlapping degrees, it has been found that UniBic has better recovery scores

than BicSPAM but sometimes it displays lesser relevance scores than BicSPAM.

Taking all of this into account UniBic is the second best and BicSPAM is the

third-best performer in this regard. So, overall we can say that OPBic is capable

of discovering overlapped biclusters.

4.6.3 Results for real datasets

This section presents experiments, dealing with real data and discusses biclus-

tering results which are obtained by the proposed method. In order to evaluate

the e�ectiveness of the OPBic algorithm, we use three cancer microarray gene

expression datasets i.e., Laiho, Singh, and GSE20437. Datasets Laiho and Singh

are already mentioned in Chapter 3, Section 3.6.2.
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Figure 4.11: Relevance and recovery scores with error bars (range) of di�erent
biclustering algorithms for the trend-preserving model with overlapping biclusters
(scenario 3).

GSE20437: GSE20437 is downloaded from National Center for Biotechnology

Information (NCBI). The dataset uses A�ymetrix HU133A microarrays to in-

vestigate the breast cancer gene expression data of 22283 genes over 42 samples

[121]. The samples are categorized into three groups, 18 women considered to

be a usual breast cancer risk and undergone mammoplasty reduction (RM), 18

women diagnosed with breast cancer undergoing surgery, 9 of them Estrogen

receptor (ER+) and 9 (ER−) for breast tumor (HN) and 6 high-risk patients un-

dergoing prophylactic mastectomy (PM). We have identi�ed A�ymetrix probes

that are mapped to the same o�cial gene symbols. Then, we attempt to keep

only one A�ymetrix probe with maximum standard deviation among the same

o�cial gene symbols. Thus, we reduce the dataset to 12982 genes and 42 sam-

ples. Finally, we have selected the top 5% genes from the reduced dataset based

on higher standard deviation. Thus, the number of genes in the dataset is 649.

We normalize this dataset with µ 0 and σ 1.
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Table 4.9: GO enrichment analysis result of di�erent biclustering algorithms on
cancer microarray datasets

Algorithm Total biclusters Enriched biclusters
BP MF CC

T % T % T %

C&C 300 40 13.33 20 6.67 18 6
BicSPAM 26 15 57.69 8 30.77 14 53.85
UniBic 177 100 56.50 69 38.98 92 51.98
OPBic 300 194 64.67 114 38 181 60.33

Abbreviation: T-Total.

We execute biclustering algorithms with real datasets. For OPBic algo-

rithm, the parameter Cmin is chosen by d5% of the total number of samplese[337]
(default 4) and Rmin (default 4) is the same as Cmin, according to all synthetic

data experiments. We set W = 10, Omax = 0.25 and considered only �rst 100

biclusters [64] as an output. The BiBit algorithm does not work for all types of

biclusters; therefore we have excluded the result from real datasets.

Enrichment analysis

To compare results of di�erent biclustering algorithms on real data, we perform

functional enrichment analysis based on GO categories with the help of FuncAs-

sociate [35], assuming the level of signi�cance as 5%. A bicluster is said to be

enriched if the p-value of one of the GO terms is less than the level of signi�cance.

Table 4.9 shows the percentage of enriched biclusters for di�erent biclustering al-

gorithms for three distinct domains, viz. BP, MF, and CC. The percentage of

enriched biclusters is calculated by Equation 4.6.3. A higher percentage of en-

richment indicates better functional groupings. From the analysis, we can say

that OPBic outperforms all other biclustering algorithms.

% of enriched biclusters =
Number of enriched biclusters
Total number of biclusters

× 100 (4.6.3)

Subtype identi�cation

To test the e�ectiveness of the OPBic algorithm, additionally, we perform subtype

identi�cation to establish our biclustering algorithm which gives importance to

both genes as well as samples. Most of the review works available in the literature,

evaluate the various biclustering algorithms solely depending on genes and does

not consider the samples involved in a bicluster. It is important to compare
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Table 4.10: Subtype identi�cation with di�erent biclustering algorithms for three
cancer gene expression datasets.

Algorithm Subtypes identi�ed %
Laiho Singh GSE20437

SCRC CCRC Normal Tumor RM ER+ ER- PM

C&C 0 44 17 13 0 0 0 0 24.67
BicSPAM 0 6 0 0 0 0 0 0 23.07
UniBic 0 7 0 0 1 0 0 0 4.52
OPBic 0 51 5 3 4 0 1 0 21.33

the biclustering algorithms not only in the context of genes but also samples, as

bicluster comprises of subsets of genes and subsets of samples, which di�erentiates

it from traditional clustering results. In literature, a very limited amount of work

has been done in order to judge biclustering algorithm based on samples [66, 262].

We focus on the true e�ectiveness of biclustering algorithms for retrieving

the homogeneous types of samples in a bicluster known as subtypes. Identi�ca-

tion of subtypes quanti�es how well an algorithm can di�erentiate the samples of

the datasets. Suppose, there are d di�erent types of samples and K is the total

identi�ed biclusters. Let us again consider a bicluster βk and 1 ≤ k ≤ d, where

all the rows are a subset of the dataset and all the columns are associated with

samples of type k. 1 ≤ |βk| ≤ K, denotes the number of biclusters for sample

type k. Therefore, our target is to identify such types of biclusters among the

resulting biclusters. Table 4.10 reports the percentage of subtypes identi�ed by

each of the algorithms. From second to ninth columns indicate the number of

biclusters that successfully discovers individual subtype for each of the datasets.

The tenth column represents the percentage of aggregated subtypes with respect

to the total number of biclusters. Taking all the datasets together it has been

found that OPBic achieves the third position after C&C and BicSPAM. In this

experiment, UniBic does not perform well in recognizing homogeneous samples.

From Table 4.10, we conclude that OPBic can identify maximum homogeneous

types of samples for breast cancer (GSE20437) and colon cancer (Laiho) datasets.

4.6.4 Results of miRNA breast cancer data: a case study

Breast cancer is a frequently diagnosed malignant disease among women in devel-

oping countries and is the second most common cause of mortality. Early-stage

disease detection and response to treatment play an important role in good prog-
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nosis because recurrence of breast cancer is generally incurable [187, 299]. Breast

cancer is well known as a heterogeneous disease, which is a collection of breast

tumors associated with multiple entities with a variety of histopathological fea-

tures and clinical characteristics [323]. Currently, breast tumors are molecularly

classi�ed into �ve distinct types: Basal-like, HER2 (Human Epidermal growth

factor Receptor 2), Luminal A, Luminal B, and Normal-like [335]. The manage-

ment of treatment for this critical disease is largely dependent on these subtypes,

which help in diagnostic prediction [127].

A broader way to categorizing breast tumor is by presence or absence of

Immuno-Histo-Chemical (IHC) markers, such as Estrogen Receptor (ER), Pro-

gesterone Receptor (PR), and HER2 Protein. The lack of all these IHC markers

de�nes a tumor as Triple Negative Breast Cancer (TNBC) [48] and the presence

of all the three receptors is known as non-TNBC [102]. Women diagnosed with

TNBC are more likely to have low survival rates (up to �ve years), increased ag-

gression, poor prognosis, and higher recurrence with non-TNBC cancer [48]. The

proper diagnosis of TNBC is a challenging problem and is therefore gaining a lot

of focus. Moreover, the diversity of pathological features creates challenges in the

prognosis of this complex disease. Although signi�cant advancements have been

made in recent years towards therapeutics, the biology of breast cancer makes

it complicated for treatment procedures [102]. Thus, there is always a need for

improvement in the treatment and therapy given to the patients [354]. Estima-

tion of the risk factors of cancer plays an important role for better diagnosis of

breast cancer [127].

We use the breast cancer miRNA expression data from a large cohort of

patients. The data is collected from Supplementary Table S4D of the work by

Farazi et al. [108]. This expression pro�le can also be downloaded from NCBI

with GSE28884 accession number. The dataset is composed of 1112 mature

miRNA and 185 breast specimens including 17 non-invasive, 151 invasive breast

carcinomas, 6 cell lines, and 11 normal breast tissues. The miRNA expression

pro�le is obtained by barcoded Solexa-sequencing and based on sequence read

numbers [108]. Breast cancer is characterized by the presence or absence of

immunohistochemical (IHC) markers, such as Estrogen Receptor (ER), Proges-

terone Receptor (PR), and Human Epidermal growth factor Receptor 2 (HER2)

protein. According to clinical and histopathological features the patients are

classi�ed as Ductal carcinoma in situ (DCIS), Invasive ductal (IDC), Cell-line

(MCF7, MCF10A, HCC38, BT474, MDA-MB134, and ZR-751), Normal samples

(healthy), and others (Mucinous A, Atypical Medullary, Metaplastic, Apocrine
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Adenoid, ILC). Using the second characteristic, molecular subtypes, the patients

are divided into Normal, HER2, Basal, Luminal A, Luminal B, and NA. Figure

4.12 summarizes the composition of patient's information and clinical informa-

tion for the miRNA breast cancer dataset.
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Figure 4.12: Clinical annotations for 185 patients. The bar shows the percentage
of values for each clinical category. It includes clinical and histopathological
features, molecular subtypes, IHC marker (presence or absence), Tumor size
(cm), histological grade, and survival years.

The dataset is preprocessed by removing those miRNA samples which
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have low expression values i.e., less than 20 across all samples [222]. After

this step, the number of miRNAs is reduced to 534. Then, we perform z-

score normalization on the reduced dataset. We run the OPBic algorithm with

Rmin = 10, Cmin = 10, Omax = 0.25, and W = 10 parameter settings. We ob-

tain 68 biclusters with an average of 12 samples in approximately each of the

biclusters using the OPBic algorithm on this dataset.

Associated samples of each bicluster identi�es similar clinical charac-

teristics

To determine whether the resulting biclusters detected by OPBic are biologically

and clinically meaningful or not, for each bicluster we assess whether the samples

associated with it have similar clinical features or not, and whether the associ-

ated subset of miRNAs has a distinct pathway [335]. To do so, we compute the

proportion of clinical-pathological variables for the associated samples for each

bicluster. The proportion of clinical annotation for each bicluster is summarized

in Figures 4.13 to 4.20. This result suggests that biclusters have not been gener-

ated by chance, rather they have strong clinical relations. Moreover, the result

shows that clinicopathological outcomes of the biclusters are similar. Bicluster

22 is an aggressive [335] one, with 10 tumor samples. Among the tumor samples,

90% tumors are of TNBC or 100% of PR-; 80% of Basal subtypes; 70% of IDC;

high (100%) frequency of poor tumor grade; 40% are of <2 cm in size; and 40%

of 2 to 8 years survival years. On the other hand, the characteristics of bicluster

number 41 show that the tumors of the patients with this tumor subgroup are

less aggressive. It consists of 11 tumor samples where 90.91% of tumors are of

HER2-; 27.27% are Basal or 27.27% of Luminal A subtypes; 45.45% of IDC;

36.36% of tumors are <2 cm in size; 9.09% have 2 to 8 and 9.09% of >8 survival

years; and 27.27% are moderate and 27.27% poor tumor grade. From the anal-

ysis, we note that a somewhat low (≤60) percentage of TNBC patients for each

bicluster has more than 8 years survival years. Another distinguishing feature is

that if patients have a higher (≥70) percentage of TNBC in one subgroup, they

also have more than 8 survival years if tumor size is < 2 cm. The percentage

of clinical composition for each sample across all identi�ed 68 biclusters from

OPBic algorithm is given in Figures 4.13 (percentage of ER), 4.14 (percentage

of PR), 4.15 (percentage of HER2), 4.16 (percentage of clinical and histopatho-

logical), 4.17 (percentage of molecular subtype), 4.18 (percentage of tumor size),

4.19 (percentage of histological grade), and 4.20 (percentage of survival years).
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Table 4.11: A list of top 5 KEGG enriched pathways for the result of OPBic
algorithm for miRNA dataset.

KEGG pathway p-value #Genes #miRNAs

Prion diseases 5.11E-28 1 1
Fatty acid biosynthesis 1.65E-21 3 2
Glycosphingolipid biosynthesis -
lacto and neolacto series

4.73E-12 5 4

Signaling pathways regulating
pluripotency of stem cells

5.43E-11 60 4

Mucin type O-Glycan biosynthesis 5.43E-11 4 2
Proteoglycans in cancer 7.03E-10 98 24

Enrichment analysis

To investigate the function of each bicluster composed of miRNAs, we perform

KEGG pathway and GO enrichment analysis with the help of DIANA miRPath

v.3 [329], assuming the level of signi�cance is 5%, with the help of TarBase v7.0

and specifying human as the species for each of the biclusters. This search pro-

vides the enriched KEGG pathway and GO annotation terms with less the 5%

p-values. The list of miRNAs for each bicluster is submitted to the web applica-

tion for computing the p-values of related KEGG pathways and GO categories.

We �nd that 91.18% (62 biclusters) of all identi�ed biclusters are signif-

icantly enriched with KEGG pathways. Interestingly, we notice that 31 and 27

biclusters are related to TGF-beta signaling pathway and proteoglycans in can-

cer, respectively. We also observe that prion disease pathway, which is involved

in cancer is the most (based on lowest p-value) enriched one [71] among all the

biclusters. The top 5 signi�cant pathways are reported in Table 4.11 with corre-

sponding p-values by aggregating all the biclustering enrichment results. Table

4.12 summarizes the top 5 enriched terms depending on the lowest p-value consid-

ering all the biclustering results of the OPBic algorithm together. GO category

organelle is the most enriched term and we observe it in 59 biclusters. Other

terms such as ion binding and cellular nitrogen compound metabolic process are

found in 58 and 57 biclusters, respectively.

4.7 Potential biomarkers identi�cation

We further analyze our algorithm on the basis of biomarker identi�cation capa-

bility. We propose another biomarker identi�cation technique, named frequency-

based biomarker identi�cation. Like network-based biomarker identi�cation,
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Table 4.12: A list of top 5 enriched GO categories for the result of OPBic for
miRNA dataset.

GO ID p-value #Genes #miRNAs
organelle 1.2E-225 3441 27
ion binding 1.4E-116 2111 27
cellular nitrogen com-
pound metabolic process

1.2E-102 1654 27

biosynthetic process 1.88E-69 1384 27
cellular protein modi�ca-
tion process

8.19E-67 887 27

frequency-based also uses two user-de�ned thresholds i.e., ϕ and ψ. Frequency-

based biomarker identi�cation solely relies on the biclustering results. Consider-

ing all the biclusters provided by an algorithm, we can calculate the frequency

of each gene or miRNA. Frequency is nothing but a number of occurrences of a

gene or miRNA in all the biclusters. In other words, how many times a gene or

miRNA can be present in a set of biclusters. To recognize biomarkers, we select

the top (higher) ϕ frequently occurred genes or miRNAs from all the biclusters.

If the number of selected frequently occurred genes or miRNAs are more than

say, ψ, we perform statistical analysis to identify signi�cant genes or miRNAs

on the expression matrix and select top (lower) ϕ p-valued genes or miRNAs

as biomarkers. For this purpose, we use Multiple Experiment Viewer version

4_9_0 (MEV) [290] software for Kruskal Wallis statistical non-parametric test

to select the signi�cant genes or miRNAs based on the p-value.

ϕ value is obtained after exhaustive experimentation. At the very be-

ginning of our experiment, we start the frequency-based method for microarray

data with ϕ = 1, i.e., the highest frequent genes and ψ = 10, (as recommended

in [253]). Next, we run it for ϕ = 2 and ψ = 10. It can be observed that the

number of identi�ed gene biomarkers are more than the initial parameter setting

(ϕ = 1, ψ = 10). So, we opt for the second choice. It is possible to �nd more

biomarkers if we increase the value of ϕ. However, if we keep on increasing the

ϕ value it might so happen that all of the genes present in the biclusters be-

come frequent and hence it will lead to performing the statistical test mentioned

before for all frequent genes. This same e�ect might occur for the result of all

biclustering algorithms leading to the same gene biomarkers. Therefore, in this

study, We keep ψ = 10 and ϕ = 2 as the possible parameter values for biomarker

identi�cation throughout all the experiments.

We use both frequency-based and network-based approaches in order to

identify biomarkers and they have been reported in Table 4.13 and 4.14, respec-
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Table 4.13: Potential biomarkers identi�cation of di�erent biclustering algo-
rithms using frequency-based method.

Dataset Algorithm Potential biomarkers
miRNA C&C hsa-miR-148b*, hsa-let-7a-3, hsa-miR-

126, hsa-miR-128-1, hsa-miR-32, hsa-
miR-361-5, hsa-miR-376a-2-5p

UniBic hsa-miR-449b, hsa-miR449c-5p
OPBic hsa-miR-410, hsa-miR-483-5p

Laiho C&C MUC5AC, NTRK2
BicSPAM COL3A1
UniBic LGALS1, COL3A1, SLC22A2
OPBic MAGEA2B

Singh C&C RAN, HSPA5, NCL
BicSPAM PDLIM5
UniBic RACK1
OPBic HINT1, TMBIM6

GSE20437 C&C SNORD36B, GLI3, PAXBP1
BicSPAM IFT57, LSM2, CCZ1B,

LOC101929240, GCC2
UniBic ZBTB5, GLT8D1, FICD
OPBic MLH1, SAE1

Table 4.14: Potential biomarkers identi�cation of di�erent biclustering algo-
rithms using network-based method.

Dataset Algorithm Potential biomarkers
miRNA C&C hsa-miR-335-5p, hsa-miR-26b

UniBic hsa-miR-15a, hsa-miR-181d
OPBic hsa-miR-454, hsa-miR-137

Laiho C&C PTPRM, NTRK2
BicSPAM COL1A2, DCN
UniBic FN1, JUN
OPBic COL1A2, SPARC

Singh C&C RPL12, RPS5
BicSPAM RPS23, RPS3A
UniBic RPS23, RPS16
OPBic RPS16, RPS5

GSE20437 C&C KARS, GMPS, KPNB1
BicSPAM RPL9, RPS4X
UniBic IARS, KARS
OPBic RPS23, RPL9
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tively. From the resulting biclusters of the OPBic algorithm, we successfully

identify top (according to the highest frequencies) two frequency-based miRNA

biomarkers hsa-miR-410 and hsa-miR-483-5p, which we validate based on estab-

lished results. In the literature [342], hsa-miR-410 has been found as a circulating

miRNA in stage II and III breast cancer patients. The role of hsa-miR-483-5p

has been identi�ed as breast cancer-associated miRNA. We also �nd the top

(depending on the higher degree) two network-based biomarkers, viz. hsa-miR-

454 and hsa-miR-137. The evidence that these miRNAs are involved in breast

cancer is found in the literature. It has been reported that hsa-miR-454 acts

as an oncogene or tumor suppressor in most cancers. Cao et al. [54] state that

hsa-miR-454 is a potential predictor of prognosis in TNBC. Zhao et al. [366]

identify that an important component of breast cancer estrogen-related receptor

α (ERRα) is regulated by a tumor suppressor miRNA biomarker hsa-miR-137.

We compare the biomarker identi�cation results from OPBic with other

competing algorithms except for BicSPAM as we have not found any biclusters

from the BicSPAM algorithm for the miRNA expression dataset. C&C identi-

�es hsa-miR-148b*, hsa-let-7a-3, hsa-miR-126, hsa-miR-128-1, hsa-miR-32, hsa-

miR-361-5, hsa-miR-376a-2-5p and UniBic algorithm discovers hsa-miR-449b

and hsa-miR- 449c-5p miRNAs as potential biomarkers. Hsa-let-7a-3, hsa-miR-

126, and hsa-miR-128-1 discovered by C&C are established as biomarkers ac-

cording to Human MicroRNA Disease Database version 2.0 (HMDD v2.0) [205].

Whereas the biomarkers found by UniBic can not be established as biomarkers

by HMDD. Therefore, both BicSPAM and UniBic can not identify biomarkers

in these cases.

The identi�ed gene biomarkers are validated through literature. First,

we discuss frequency-based biomarkers then network-based. The identi�ed gene

biomarkers are validated through previously published literature and Cancer

Genetics Web1. From the Table 4.13, we can clearly observe that C&C, Bic-

SPAM, UniBic, and OPBic algorithms identify a total of 8, 7, 7, and 5 numbers

of frequency-based gene biomarkers from all cancer gene expression datasets.

According to Cancer Genetics Web, genes MUC5AC, LGALS1, HINT1, GLI3,

MLH1, and RACK1 are strongly associated with di�erent cancer types which

can be found in di�erent PubMed publications. NTRK2 [62] is found to

be involved in cell proliferation, apoptosis and di�erentiation through PI3K,

RAS/MAPK/ERK pathways. Genes COL3A1 and SLC22A2 are treated as

prognostic biomarkers of colorectal cancer [34, 334]. In the literature, genes

1www.cancer-genetics.org
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HSPA5, NCL, PDLIM5, and TMBIM6 are reported to be strongly associated

with prostate cancer [176, 216, 229, 294]. PDLIM5 plays a critical role in devel-

oping malignant tumor cells, proliferation and is considered an oncogene for the

progression of prostate cancer.

Network-based biomarkers NTRK2, COL1A2, JUN, and SPARC are val-

idated through the Cancer Genetics Web. In Chapter 3, we have seen that

COL1A2, FN1, RPS5, and RPS16 are considered to be potential biomarkers. Li

et al. [195] have shown that the gene DCN is a novel potential biomarker for

the prognosis of colon cancer. In the study [180], it has been proved that RPL12

is overexpressed in cancer samples. KPNB1 is associated with gastric cancer,

cervical cancer, hepatocellular cancer including breast cancer [52]. According to

Human Protein Atlas2, gene GMPS and KARS are classi�ed as proto-oncogene

and disease-related genes, respectively. RPS4X is a new predictive and prognos-

tic biomarker of breast cancer as well as ovarian cancer [320]. RPL9 may play

an important role in developing malignant growth in colorectal cancer cells [24].

Therefore, it may be treated as a potential biomarker in breast cancer.

4.8 Discussion

A signi�cant advantage of our method to others except UniBic lies in its capabil-

ity of discovering several types of biclusters. Another advantage of our algorithm

is that it is independent of any normalization technique. There is always a need

for new biclustering algorithms which can e�ectively work for all types of bicluster

models. In this thesis, we have proposed a biclustering algorithm called OPBic,

to analyze cancer gene and miRNA expression datasets. We compare OPBic

with state-of-the-art biclustering algorithms using synthetic and gene expression

datasets. It is found that OPBic performs signi�cantly well in all testing scenarios

especially outperforming in scenario 2 and in discovering overlapping biclusters.

GO enrichment analysis of gene expression data shows that OPBic outperforms

all other biclustering algorithms. With this, OPBic is capable of identifying gene

and miRNA cancer potential biomarkers. OPBic does not require the number of

clusters a priori. But for our own convenience, we have considered the �rst 100

biclusters to reduce the number of biclusters for further analysis. Despite having

signi�cant advantages, OPBic su�ers from high computational time complexity.

If it is applied to gene expression data with a large number of samples and genes,

the number of conditions increases at a greater amount. It actually creates dif-

2https://www.proteinatlas.org/
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�culty to manage an enormous amount of data even using parallel computing.

A modi�cation of this algorithm is highly desirable in order to get signi�cant

biclusters in lesser time. Moreover incorporating external biological knowledge

(such as GO or pathways) in the analysis of gene expression data has been found

to be quite e�ective. Towards the goal, we present a semi-supervised biclustering

algorithm in the next chapter.
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5
Semi-supervised Bicluster Analysis of

Cancer Transcriptomics Data

Traditional biclustering algorithms use biological knowledge to evaluate the

biclusters found and does not use it during the bicluster identi�cation process.

In Chapter 4, we have proposed an unsupervised biclustering algorithm to an-

alyze gene and miRNA expression datasets. But that algorithm may not �nd

signi�cant biclusters throughout all the datasets. Therefore, we modify the pre-

vious idea of the OPBic algorithm by proposing a semi-supervised biclustering

algorithm in this chapter. Inspired from the chapter 3, we have incorporated

external biological knowledge in our algorithm to get better quality biclusters.

The chapter is organized as follows. The chapter initiates by an introduction in

Section 5.1 followed by a related work in Section 5.2. Section 5.3 clearly states

the motivation of this particular work. Next, we elaborate our proposed work

in Section 5.4. The time complexity of the proposed algorithm with other algo-

rithms in literature is given in Section 5.5. Section 5.6, we evaluate our proposed

algorithm with other existing algorithms and show a comparative study with

respect to synthetic as well as cancer transcriptomics data. Section 5.7, reports

the potential gene and miRNA cancer biomarkers. Finally, the chapter ends with

a discussion in Section 5.8.
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5.1 Introduction

Gene expression data is usually noisy. To make a fair comparison among genes

across a set of samples, it is more relevant to have relative expressions rather than

absolutes [348]. To reveal biological knowledge from the input data, we focus on

identifying genes with similar patterns across experimental conditions. Therefore,

in this work, we are also interested in a pattern-based biclustering algorithm,

using pattern similarity. The key goal is to look for Order-Preserving Submatrices

(OPSMs), which are considered to be the most biologically meaningful groups as

mentioned in Chapter 4. OPSM is a non-contiguous submatrix where expression

values of each row increase monotonically, according to the column permutations

[348]. Biologically, the subset of co-regulated genes which are active under a

subset of conditions are generally order-preserving or order-reversing in nature

[337]. Such a submatrix captures the consensus trends of rows over columns, i.e.,

the tendency of patterns to get priority over the actual values.

This study extends the concept of OPPM which is a well-known problem

in computer science, where a given pattern matches the relative order of substring

of values for a given text instead of seeking for a fragment of text which exactly

coincides with the pattern. Recalling from Chapter 4 as mentioned in De�nition

4.4.4, let us, understand OPPM with a diagram as demonstrated in Figure 5.1-

A, where the order of pat {c6, c8, c3, c7, c1, c5, c4, c2} exactly matches the order

of ga i.e., {c6, c8, c3, c7, c1, c5, c4, c2}. Further, a variant of the OPPM problem is

c1 c2 c3 c4 c5 c6 c7 c8
0

2

4

6

8

10

A.

c1 c2 c3 c4 c5 c6 c7 c8

B.

ga pat

Figure 5.1: An illustration of OPPM. The x-axis denotes the conditions and the
y-axis represents the expression values. A. An exact OPPM of pat with ga. B.
Approximate OPPM of pat with ga with 1 mismatch at position 6.

considered in [115], which is used in our method. In [115], a generalized version of
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OPPM, referred to as Order-Preserving Pattern Matching, with K mismatches is

proposed, relaxing the exact pattern matching to approximate pattern matching.

De�nition 5.1.1 Two sequences (orders) X = (x1, x2, . . . , xn) and pat =

(y1, y2, . . . , ypt), where |X| ≥ |pat| are said to be an approximate match with K
mismatches, denoted by (x1, x2, . . . , xn) ∼K (y1, y2, . . . , ypt), where 1 ≤ K ≤ pt

2
.

This means, the sequence X matches pat in a window size of w (where w =

|pat| − K) in the same order, but not necessarily consecutively.

If we remove the corresponding mismatched elements from both the sequences,

the resulting new sequences must be order-isomorphic, see Figure 5.1-B. In this

�gure, pat approximately matches ga for conditions c2 to c6 and one mismatch

at condition c7.

With this conceptual idea, we propose a novel semi-supervised method

known as the Pathway-based Order-Preserving Biclustering (POPBic) algo-

rithm incorporating KEGG pathway information. Our algorithm exploits the

goodness of both order-preserving biclustering as well as that of pathways. Most

of the proposed knowledge-driven algorithms use GO as biological knowledge.

Each GO term annotates individual gene products and KEGG pathways are used

to annotate the classes of gene products [365]. To the best of our knowledge, no

algorithm has attempted to perform biclustering using pathway information. The

major contributions of our work are summarized below.

• E�ective integration of an order-preserving biclustering algorithm with do-

main (KEGG pathway) knowledge.

• Generation of arti�cial datasets to evaluate the e�ectiveness of any biclus-

tering algorithm.

• Statistical and biological validation of our method using both synthetic and

benchmark transcriptomics (cancer) datasets.

• Ability to discover all eight types of biclustering models and to perform

consistently well for noisy datasets.

• Identi�cation of both positively and negatively correlated co-expressed pat-

terns.

5.2 Related work

Researchers have adopted various algorithmic strategies to solve the biclustering

problem. These can be divided into two broad categories: traditional [227, 266,
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277] and knowledge-driven. Firstly, we have highlighted some popular traditional

biclustering algorithms in Chapter 2, Section 2.3.3. We have also summarized

the algorithms which focus to identify order-preserving submatrices in Chapter

4, Section 4.2.

We now discuss some knowledge-driven biclustering algorithms. Liu et

al. [214] have proposed a Smart Hierarchical Tendency Preserving clustering

(SHTP-clustering) algorithm using a biclustering model, which directly incorpo-

rates GO information into the clustering process. Markus and Wiuf [49] have

presented a co-clustering method based on Self-Organizing Maps (SOMs) with

GO annotations to extract better biologically signi�cant clusters. Visconti et al.

[328] have modi�ed an existing algorithm called ISA and developed Additional

Information-Driven Iterative Signature Algorithm (AID-ISA) which used anno-

tated data retrieved from ontologies to re�ne the search. A scatter-search based

biclustering algorithm is presented in [255] that integrated biological knowledge

and showed the improvement over classic biclustering algorithms. BiCluster-

ing with Constraints using PAttern Mining (BiC2PAM) is able to mine e�cient

clusters to guide pattern-based biclustering using background knowledge [135].

Recently, Nepomuceno [257] have extended the idea demonstrated in [256] to

enhance the quality of biclusters for high dimensional gene expression datasets.

A method for inferring biological function for a set of genes with previously

unknown function, given a set of genes with well-known information has been

explored in [189]. Beyond all these strategies, Dussaut et al. [93] deal with a

slightly di�erent problem where a biclustering method along with topological

information is used to infer pathway associations. Based on the premise that

genes with similar behavior are grouped together, it is possible to detect groups

of unknown genes clustered with genes with known biological information (such

as GO annotations).

5.3 Motivation

The main motivation behind this proposed algorithm is to steer from unsu-

pervised to semi-supervised biclustering algorithm. Researchers have achieved

success by incorporating GO functional annotations during clustering, giving

rise to better quality biclusters than traditional biclustering algorithms for gene

expression data. Nowadays, integration of external knowledge has become an

essential part of bicluster extraction [22]. In Chapter 3, we have proposed semi-

supervised clustering algorithms incorporating GO and successfully identi�ed
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signi�cant clusters. Recently, it has been demonstrated that pathway-based ap-

proaches are more reliable and robust for analysis of gene expression data [365].

This is because gene expression data and protein-protein networks do not yield

coherent gene subsets as pathways do [178]. In addition, such gene sets seem to

change with individual experiments. Moreover, it has been noticed that one gene

may show active involvement in more than one pathway [266]. Pathways provide

a stable set of functional relationships with respect to molecular activities such

as signalling, metabolic, gene regulations, and protein interactions [55]. Accord-

ing to Kim et al. [178], integrating pathways and gene information improve the

performance of semi-supervised learning with the goal of di�erentiating disease

phenotypes. Like the SDC algorithm, our proposed biclustering algorithm is

suitable to �nd positively and negatively co-expression patterns that de�ne the

relationship among genes [261] as mentioned in Section 3.1. Most of the exist-

ing studies focus on mining only positively expressed patterns and ignore the

negative patterns. But biological evidence shows that negatively and positively

co-expressed patterns should be grouped in the same cluster [142]. For example,

genes YLR367W and YKR057W of Yeast dataset negatively co-expressed with

another gene YML009C across eight conditions. It is important to mention that,

these genes should be clustered together as they are a part of the protein trans-

lation and translocation process. Comparatively less amount of work has been

done in order to identify both the patterns in a bicluster [261, 286]. Lastly, it is

desirable to discover all eight types of bicluster patterns. To address this issue,

POPBic identi�es order-preserving submatrices as mentioned in Chapter 4.

5.4 Proposed method

Our method called POPBic utilizes the information provided by KEGG [172]

along with gene expression data to detect biclusters. POPBic includes two major

steps as described below. It is dependent on four input parameters namely, the

minimum number of conditions Cmin, signi�cance level α, seed selection criteria

ts, and maximum error ε to extract the �nal set of biclusters.

5.4.1 Selection of signi�cant seed genes

Let us consider m genes G = {g1, g2, . . . , gm} of the input matrix and h KEGG

pathways P = {p1, p2, . . . , ph}. We assemble the information by creating a list

of all genes with the known pathways, called the Pathway Gene List (PGL).

It has been observed that a gene may or may not participate in one or more
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biological pathways. Genes with lower p-value (< 0.05) are selected as signi�cant

or enriched genes, which have higher variability. Therefore, for each gene of PGL,

we perform the variance analysis or ANOVA test (α is set to be 0.05 or 5%) to

identify the signi�cant genes [91]. These signi�cant genes are then inserted in the

Signi�cant Gene List (SGL) in ascending order of their p-values. It is assumed

that genes with lower variability over samples are considered less signi�cant for

bicluster identi�cation [40]. In order to reduce the search space, top ts genes

(according to lower p-value) of the SGL is taken as Signi�cant Seed Gene List

(SSGL) if |SGL| ≥ dtS ∗me otherwise, SGL is taken as SSGL. Similar to

the study in [91], we also consider top 10% as ts values for real datasets. The

formation of biclusters starts with each of the genes assembled in SSGL with

the assurance that a gene with higher variability gets �rst preference than one

with lower variability.

5.4.2 Extraction of biclusters

POPBic algorithm discovers the biclusters in a greedy iterative fashion. POPBic

algorithm groups genes based on subsets of conditions using pathway informa-

tion to select the initiator genes for a bicluster during the biclustering process.

We focus on �nding similar (positively and negatively co-expressed) patterns un-

der a subset of conditions from the expression data. The POPBic algorithm is

presented in Algorithm 3. Next, we explain the proposed approach in detail.

Transforming into order matrix: The POPBic algorithm is initiated by

transforming the input data matrix EDm×n into two order matrices OMm×n and

OM ′
m×n (Algorithm 1, line no. 2). The matrix OMm×n is created by replacing

the original values with the column indices of the sorted (ascending order) values

of each row as described in Section 4.4.1. A similar method is used to compute

OM ′
m×n except that ties are broken by replacing the lower value with the higher

column index. For better understanding, we include an illustrative example in

Tables 5.1, 5.2, and 5.3.

Table 5.1 shows an example expression data matrix ED4×6 with four

rows and six columns and Figure 5.2-A depicts the corresponding patterns for

this data matrix. It can be noticed that, if all the four genes and six conditions

are considered, then we cannot �nd any coherent patterns among these genes.

From the Figure 5.2-B, we can visualize the similar patterns of genes g1, g2, and

g3 (excluding g4) under conditions c1, c2, c3, c4, and c5 (excluding c6) only, which

forms a bicluster showing some common trends. If we have considered all the
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Algorithm 3: Extraction of biclusters
Input : EDm×n with a set of genes G = {g1, g2, . . . , gm} and a set of

columns C = {c1, c2, . . . , cn} , SSGL, Cmin, ε
Output: Bic: A �nal list of biclusters

1 Bic = φ
2 Compute OMm×n and OM ′

m×n
3 for all ga ∈ SSGL do

4 I = ga
5 for all gb ∈ PGL do

6 if gb 6= ga then
7 Compute Oscore(ga, gb)
8 end

9 end

10 Determine a gene list G′ which has maximum Oscore with ga
11 Seedpatga = φ

12 for all gw ∈ G′ do
13 Compute patl by LCS between pair of (ga, gw)
14 if |patl| ≥ Cmin then
15 Seedpatga = Seedpatga ∪ patl
16 end

17 end

18 Sort all patterns of Seedpatga in descending order, arrange gw ∈ G′
based on longest pattern produced with ga and cluster expansion
starts with new set of genes

19 for all patl ∈ Seedpatga and gw ∈ G′ do
20 I = I ∪ gw
21 J = patl
22 for all gz ∈ G \ {I} do
23 if OMgz×n approximately matches to pattern patl with ε error

then

24 I = I ∪ gz
25 else if OM ′

gz×n approximately matches to pattern

Reverse(patl) with ε error then
26 I = I ∪ gz
27 end

28 end

29 end

30 if |I| ≥ |J | then
31 β ← {I,J }
32 Add β to Bic
33 break
34 else

35 I = ga
36 end

37 end

38 end
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Table 5.1: An example of an expression data matrix. The table contains four
genes and six conditions.

c1 c2 c3 c4 c5 c6

g1 3 9 6 9 5 7

g2 -1 5 2 6 1 9

g3 -3 -7 -4 -8 -3 -10

g4 5 -5 -8 2 3 2

conditions, and all genes we may not �nd bicluster. Rather, we have identi�ed

a subset of genes and subset of conditions. Here, g4 does not show any common

trend like other three genes with respect to conditions c1 to c5. On the other

hand, Figure 5.2-C displays expression values of a bicluster showing their trends

across conditions c1, c5, c3, c2, and c4.

Table 5.2: Transformed OMm×n from expression matrix.

g1 1 5 3 6 2 4
g2 1 5 3 2 4 6
g3 6 4 2 3 1 5
g4 3 2 4 6 5 1

Table 5.3: Transformed OM ′
m×n from expression matrix.

g1 1 5 3 6 4 2
g2 1 5 3 2 4 6
g3 6 4 2 3 5 1
g4 3 2 6 4 5 1

Computation of overlap score: To minimize the computational time as well

as the number of biclusters, we limit our search space. A bicluster is initiated with

a seed gene ga (Seedga) from the list of signi�cant seed genes SSGL. In the lines

5-9, the association between two genes, ga and gb (where a, b ∈ {1, 2, . . .m}, ga is
seed gene, gb ∈ PGL and ga 6= gb) is determined using an overlap score, referred

to as Oscore [241] which is de�ned by Equation. 5.4.1. Here, pga and |.| represent
the set of related pathways for ga and the number of elements, respectively.

Oscore(ga, gb) =
|pga ∩ pgb|

min(|pga|, |pgb|)
(5.4.1)

If ga and gb share the same pathways then Oscore is 1, whereas if the genes do

not share any pathways, Oscore value will be 0. To be particular, this is the
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Figure 5.2: A. Original expression matrix mentioned in Table 5.1 with four rows
and six columns. B. Positive and negative co-expressed patterns with the max-
imum allowed mismatch of 1 over �ve conditions. C. The expression values
mentioned in B are arranged in ascending order. In all the �gures, the x-axis
denotes the conditions and the y-axis represents the expression values.

normalized term overlap estimating similarity which is originally proposed in the

work [241]. It is worth mentioning that if any of the genes do not share any

pathways then the overlap score is directly considered to be 0. Moreover, it

is quite easy to understand that a high overlap score indicates a high number

of common pathways shared between two genes. The concept of overlap score

computation is visualized in Figure 5.3. The �gure depicts the Venn diagram of

associated pathways of two genes PRPS1 and FBP1. The pathways associated

with PRPS1 and FBP1 are shown by blue and green color, respectively. The

common pathways shared by both the genes are shown in red color. The overlap

score between these two genes is 0.67. Next, we consider those genes whose

hsa00230

hsa01130

hsa00030

hsa01230 hsa01200

hsa01100

hsa00010

hsa00051

hsa04910

hsa04152

FBP1PRPS1

Figure 5.3: The venn diagram of associated pathways of two genes: PRPS1 and
FBP1.

overlap score is maximum among all gene pairs. Therefore, we get a list of genes

G′ ⊆ PGL that share the maximum number of pathways with the seed gene ga
which signi�es the maximum Oscore in line no. 10. After this, bicluster expansions

proceed as given in line (11-38) of Algorithm 1.
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Identi�cation of seed pattern: We compute the LCS between a pair of genes

(ga, gw) where ga ∈ SSGL, gw ∈ G′, G′ is a gene list having maximum overlap

scores with ga, G′ ⊆ PGL and ga 6= gw. Determining the LCS (Longest Common

Subsequence) for a given pair of sequences is considered a traditional problem in

sequence processing [70].

De�nition 5.4.1 Given two sequences ga and gw, where ga ∈ SSGL and gw ∈
G′, the condition pattern patl is the maximum set of matching conditions between

ga and gw which is obtined by LCS(ga, gw) which gives the LCS between OMga×n

and OMgw×n and |patl| ≥ Cmin.

In order to obtain the maximal set of conditions (condition pattern) pat =

{c1, c2, . . . , cn}, keeping in mind the de�nition of a bicluster, we apply LCS be-

tween pairs of rows from the order matrix OMm×n. The fundamental concept in

applying the LCS algorithm is built on the observation about the presence of a

common subsequence between two rows, which occur in an order-preserving sub-

matrix. LCS can be illustrated by an example. Suppose, the order of two genes

are Rg1 = {1, 5, 3, 6, 2, 4} and Rg2 = {1, 5, 3, 2, 4, 6}. {1, 5, 3, 2, 4} is a common

subsequence of both Rg1 and Rg2 of maximum length. Hence, the LCS between

these two ordered sequences is {1, 5, 3, 2, 4}.
It is important to note that positive and negative co-expressed patterns

are opposite. An opposite pattern (negative or positive) can easily be calculated

by reversing the given pattern Reverse(pat) (positive or negative). If a given

pattern is {4, 2, 3, 5, 1}, the opposite pattern is {1, 5, 3, 2, 4}.
Each condition pattern obtained for ga is listed in the seed pattern i.e.,

Seedpatga = {pat1, pat2 . . . , patL}, L = |G′| and length of each pattern i.e., |patl|
≥ Cmin, where l = {1, 2, . . . L} otherwise, we exclude those patterns. We place

a longer pattern before a smaller one in Seedpatga i.e., |pat1| ≥ |pat2| . . . ≥ |patL|.
The reason for considering the longest patterns is to ful�ll the goal of �nding

bicluster i.e., maximum sized biclusters. It is also worth mentioning that the

entire process repeats with the next gene from SSGL till all seed genes from

SSGL are exhausted (line no. 3-38) of Algorithm 3.

Lemma 5.4.1 Seedpatga can have a maximum of L condition patterns where L =

|G′|.

Proof: Let ga ∈ SSGL be seed gene and Seedpatga contains all condition

patterns obtained for ga according to de�nition 5.4.1. Suppose, Seedpatga =

{pat1, pat2, . . . , patL}, i.e., L patterns are obtained with respect to ga. Moreover,
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each patl is obtained by LCS(ga,gw) for each gw ∈ G′, and |G|′ = L. Another im-

portant condition of de�nition 5.4.1 is |patl| ≥ Cmin. Therefore, it might happen

that for some l = {1, 2, . . . , L} LCS(ga, gw)<Cmin. Those gw genes will not be in-

serted into Seedpatga . Thus, Seed
pat
ga has condition patterns {pat1, pat2, . . . , patx},

where x ≤ L. Therefore, Seedpatga can have at most L condition patterns.

Mining OPPM genes: The biclustering process starts with two initiator

genes (ga, gw), where gw ∈ G′ and gw has the largest LCS with respect to ga. Bi-

cluster expansion now proceeds by adding genes from G\{ga, gw} having OPPM
with the pat in Seedpatga . To add genes, we formulate the generalized version of

the biclustering problem for extracting biclusters as follows. Given an expression

matrix EDm×n and the bicluster βI×J , a submatrix of ED, can be extracted by

identifying the subset of rows I ⊆ G under a subset of columns J ⊆ C, where

each gi ∈ I is order-preserved with pattern J , and each of the conditions cx ∈ J
with maximum error ε calculated as in Equation 5.4.2, where K is the maximum

number of mismatches allowed. The main goal of the POPBic algorithm is to

identify both the positive and negative expression patterns for a particular subset

of conditions. In order to identify more than one bicluster, we need to extract

biclusters for di�erent subsets of conditions.

ε =
K
|J |

(5.4.2)

Each pattern patl ∈ Seedpatga , where l = {1, 2, .., L} triggers the formation

of an initial bicluster βI×J , a subset of genes I = {ga, gw}, and a subset of

columns J = {patl}, where LCS of (ga, gw) corresponds to patl. The present step
focuses on identifying the co-expressed patterns (positive as well as negative) on

the basis of the seed pattern. We further extend our initial bicluster by adding a

new gene gz at a time from OMgz×n, considering the seed pattern with the help of

OPPM with maximum ε error, where gz ∈ G\{I}. If gz is not included in the �rst
check, it can be added next using the reverse seed pattern in a similar fashion, as

mentioned before from OM ′
gz×n. We keep on adding new genes (may be positive

or negative) into the bicluster until all genes are considered once (line no. 22-

29). A bicluster β is treated as a �nal one if it satis�es the criteria |I| ≥ |J |
[337] (line no. 30-36) else further search for another patl from Seedpatga is to be

continued until the list is exhausted (line no. 19-38). It has been observed that

the real gene expression data have a larger number of genes than the experimental

conditions. To resemble the same property, we have kept the stopping criteria as

|I| ≥ |J | [337]. It is noteworthy to mention that once we get a bicluster from
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a seed gene we will not search for all the patl because the algorithm is greedy

by nature and also we try to reduce the time complexity. The entire process is

repeated (line no. 3-38) until all the genes in SSGL are visited once to get a

list of biclusters Bic. The POPBic algorithm outputs a maximum of |SSGL|
number of biclusters because, for each signi�cant seed gene, only one bicluster

is identi�ed. Optionally, the algorithm removes the biclusters with more than a

user-speci�ed threshold where we keep larger biclusters and eliminate the smaller

ones.

Lemma 5.4.2 A bicluster βI×J has the maximum condition pattern with respect

to ga satisfying the condition |I| ≥ |J |.

Proof: Let, the bicluster be βI×J , where I is subset of genes and J denotes

subset of columns. Let, the seed pattern Seedpatga has maximum of L number

of condition patterns according to lemma 5.4.1. Initially, it is assumed that

I = {ga} and J = φ. Before identifying the actual bicluster, the Seedpatga is

sorted, where |pat1| ≥ |pat2| . . . ≥ |patL|. The identi�cation of bicluster starts

with largest pattern pat1. Therefore, the subset of genes and subset of columns

are I = {ga, gw} and J = {patl}, respectively. Genes are added (either positively
or negatively co-expressed) in I from the remaining genes G \ {I}. The entire

gene list G is checked once and then the condition |I| ≥ |J | is veri�ed. Thus, a
bicluster βI×J is found with respect to ga with maximum number of genes and

maximum number of conditions as condition pattern itself is largest with respect

to ga as Seedpatga is sorted in descending order. If the bicluster βI×J is identi�ed

for pat1 then the search has not proceed further for pat2 and so on. Hence the

proof.

5.5 Time complexity

Brute force biclustering algorithms that do not have heuristics have been found

to be computationally intractable and are considered an NP-hard problem [3].

Therefore, it is highly challenging to develop an e�ective and e�cient heuristic

solution. We estimate the algorithmic e�ciency of POPBic in terms of its com-

putational time complexity. Let, EDm×n be the input data matrix, where m is

the number of genes and n the number of columns, S̄ be the number of signi�-

cant seed genes, P̄ be the number of PGL, and Ḡ be the number of genes which

has maximum Oscore with a seed gene Seedga . POPBic takes O(m(n log n)) and

O(m(n log n)) time to create OMm×n and OM ′
m×n matrices, respectively. The
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algorithm takes O(S̄P̄ ) time to compute Oscore, O(S̄Ḡn2) for LCS identi�ca-

tion, O(S̄(Ḡ log Ḡ)) to sort all the patterns of Seedpatga ∀ga ∈ SSGL. Computing

OPPM with K mismatches can be done in O(S̄Ḡm(n(log log n + K log logK)))

time as in [115] to compute the OPPM with K mismatches. So the overall

time complexity is O(m(n log n) + m(n log n) + S̄P̄ + S̄Ḡn2 + S̄(Ḡ log Ḡ) +

S̄Ḡm(n(log log n+K log logK)))) ≈ O(S̄Ḡn(m+ n)).

We compare the time complexity of POPBic algorithm, with other state-

of-the-art methods. Let, l the number of models, K the number of biclusters, ℘

time to compute sequential pattern mining task, r̄s̄ average size of the biclusters

and q separation percentage parameter. Then, the time complexity of OPSM,

UniBic, FABIA, and BicSPAM algorithms are O(mn3l), O(q2m2n2), O(nl2m),

and θ(min((m2 ), n)℘+ (KK
2

)r̄s̄), respectively.

5.6 Performance analysis

For systematic evaluation, we compare POPBic with �ve other state-of-the-art

methods OPSM [32], QUBIC [196], FABIA [141], BicSPAM [134], and UniBic

[337] on both synthetic and real datasets. The POPBic algorithm is implemented

on MATLAB 2016 platform. Please refer to Appendix for GUI of the POPBic

and user manual. We also use a JAVA based tool named Biclustering Analy-

sis Toolbox (BicAT) Plus [5] for OPSM, Biclustering based on PAttern Mining

Software (BicPAMS) [132] for BicSPAM, C implementation [337] for UniBic al-

gorithm, and R BiclustGUI package [77] for FABIA and QUBIC. Since POPBic

uses biological pathways for real datasets, however, it is not possible to incorpo-

rate biological knowledge for synthetic datasets. For simplicity, we exclude this

biological knowledge from the algorithm and use all the signi�cant rows rather

than a subset of rows for further computation. We set α = 0.05 to determine

SSGL. All signi�cant rows are considered seed for synthetic data and inserted

into SSGL. Similar to the related work in [337], we also set the minimum number

of conditions to Cmin = d5% ∗ |C|e. The value of ε is chosen based on exhaustive

experimentation. We execute POPBic with (i) 0 ≤ ε ≤ 0.7 and (ii) step size of

0.05 and report the best possible biclusters in terms of relevance and recovery.

In addition to this, a lower ε value is a good choice for selection. For synthetic

datasets, we keep the larger biclusters and remove the smaller ones which have

an overlap of more than 0.25 as in [278]. For BicSPAM and UniBic, we follow

the parameter settings mentioned in Section 4.6.1. The usual meaning of param-

eters used in OPSM, QUBIC, and FABIA algorithms are shown in Table 5.4.
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We use parameters such as the number of biclusters, the minimum number of

Table 5.4: Meaning of each parameters for di�erent biclustering algorithms.

Method Implementation
used

Parameters Meaning Year

FABIA
[141]

R [170] K No. of biclusters 2010

cyc No. of iterations
alpha Sparsness lodingd
spl Sparsness prior loading
spz Sparsness factors
random Random initial loading
scale Scale loading vector
lap Minimum value of varia-

tional
nL Maximum biclusters for

row
lL Maximum rows per biclus-

ter
bL Cycle starts
non_negative Non negative factors and

loadings
norm Normalization
center Data centering

OPSM
[32]

Bicat Plus p_m Partial model 2003

QUBIC
[196]

R [170] report.no Maximum biclusters 2009

tolerance Tolerence
filter.proportionRedundant proportion

rows and the minimum number of columns by providing the true values as per

synthetic dataset creation [266]. Whenever possible we keep the parameter set-

tings as per original authors contribution. The parameter setting for FABIA is

cyc=500, alpha=0.01, spl=0, spz=0.5, random=1, scale=0, lap=1, nL=0, lL=0,

bL=0, non_negative=0, norm=1, and center=2. For, real datasets the num-

ber of biclusters of FABIA is kept as 13. For OPSM, the p_m value is set to

100 for both types of datasets. The algorithm QUBIC is set to tolerance=0.95

and �lter.proportion=1 for synthetic and real datasets. Moreover the number of

biclusters is 100 for real datasets.

5.6.1 Synthetic datasets generation

The �rst set of datasets collected is used to recover the best-suited model for

competing biclustering algorithms. In this phase, we use a total of 80 ar-

169



POPBic 5.6. Performance analysis

ti�cial datasets, 10 for each of the eight models: constant, column-constant,

row-constant, up-regulated, additive, multiplicative, additive-multiplicative, and

trend-preserving [98, 337]. We implant one bicluster of size 70 × 40 and follow

the de�nition of each of the eight bicluster types with no noise and no overlap.

The generation of synthetic datasets is mentioned in Chapter 4, Section 4.6.1.

It is often found that gene expression data is perturbed by noise due to

errors in the experimental setup. This leads to the need for a robust algorithm

that can work on noisy data. Therefore, we further test the resistance of POPBic

to noise using the second dataset collection. We prepare the arti�cial dataset by

introducing noise in the previous additive-multiplicative, multiplicative, additive,

and trend-preserving synthetic datasets without any overlap. Random noise

is drawn from normal distributions with µ 0 and varying σ such as 0.05, 0.1,

0.15, 0.2, and 0.25 is added to each expression value in the matrix. So, we get

5 di�erent noisy test matrices from one synthetic dataset. This procedure is

repeated 10 times. Thus, we obtain 50 di�erent synthetic test matrices for each

of the bicluster models. Hence, we obtain a total of 200 datasets considering four

di�erent bicluster types.

The third set of datasets collected comprises overlapping biclusters. We

create the datasets with three overlapped biclusters of overlapping size 0 × 0,

3 × 3, 6 × 6, and 9 × 9. The biclusters are generated by replacing the selected

submatrix of size 40 × 15 with additive-multiplicative, additive, multiplicative,

and trend-preserving biclusters in the background matrix of size 500 × 50. We

repeat the procedure 10 times. Thus, we obtain a total of 160 datasets. A

summary table of synthetic datasets are available in Table 5.5.

5.6.2 Performance on synthetic datasets

We use MS in terms of relevance and recovery as described in Equation 2.3.30

of Chapter 2. In this study, we experiment on three scenarios (model, noise, and

overlap), giving rise to a total of 440 synthetic datasets.

Evaluation on bicluster models

The input parameter Cmin is 3 for synthetic datasets of the POPBic algorithm.

The selected values of ε for additive-multiplicative, additive, multiplicative,

column-constant, constant, row-constant, trend-preserving, and up-regulated are

0.4-0.45, 0, 0-0.05, 0, 0, 0, 0-0.2, and 0.1-0.15, respectively. Figure 5.4 illustrates

the average relevance and recovery scores among all the test matrices for each

biclustering algorithm. POPBic outperforms all other competing algorithms in
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Table 5.5: Summary of synthetic datasets.

Exp # Size Bicluster types Extra Total
Model 1 70× 40 Constant, column-constant,

row-constant, up-regulated,
additive, multiplicative,
additive-multiplicative,
trend-preserving

No overlap no
noise

80

Noise 1 70× 40 Additive, multiplicative,
additive-multiplicative,
trend-preserving

Noise allowed
(0.05, 0.1, 0.15,
0.2 and 0.25)

200

Overlap 3 40× 15 Additive, multiplicative,
additive-multiplicative,
trend-preserving

No noise, over-
lap allowed (0 ×
0, 3 × 3, 6 × 6,
9× 9)

160

Descriptions: Exp- Experiment, #- Number of implanted bicluster(s), Size:
Size of bicluster(s), Total: Number of generated synthetic datasets.

recovering the true additive-multiplicative biclusters with an average recovery

score of 0.75 compared to the second-highest recovery score of 0.73 for OPSM,

and average relevance score of 0.42 compared to the highest relevance score of 0.6

for FABIA. POPBic and OPSM return spurious biclusters which might be the

reason for the low relevance score. The result shows that POPBic and UniBic

have a remarkable advantage for additive biclusters by reaching the maximum

average relevance and recovery scores (1, 1) followed by OPSM with (0.59, 1).

UniBic successfully identi�es constant, row-constant, and up-regulated biclusters

with both average relevance and the recovery scores are close to (1, 1) whereas

POPBic obtains (0.99, 0.99) for constant and row-constant types, and (0.94,

0.94) for up-regulated biclusters. POPBic gives comparatively less signi�cant re-

covery values for trend-preserving than UniBic and OPSM, but it still gives the

second-highest average relevance score after UniBic. UniBic outperforms others

for column-constant and multiplicative biclusters by scoring (1, 1) as average

relevance and recovery scores, whereas POPBic returns (0.97, 0.97) and (0.98,

0.98), respectively.

BicSPAM and FABIA perform best on column-constant, additive, and

trend-preserving biclustering models. The comparison in Figure 5.4 demonstrates

that QUBIC, FABIA, and UniBic give the same average relevance and recovery

scores because the number of biclusters given as input is based on true biclusters.

OPSM shows better performance for all types of models except for the average

relevance score. QUBIC shows the best performance on up-regulated biclusters

and also can identify column-constant and multiplicative biclusters. POPBic
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Table 5.6: The selected values of ε for POPBic algorithm in the presence of noise.

Noise Types of biclusters
Additive-multiplicative Additive Multiplicative Trend-preserving

0.05 0.4-0.45 0.25-0.35 0.4-0.5 0.2-0.4
0.10 0.45 0.3-0.45 0.4-0.45 0.25-0.45
0.15 0.4-0.45 0.35-0.45 0.45 0.35-0.45
0.20 0.35-0.45 0.4-0.45 0.25-0.45 0.4-0.45
0.25 0.25-0.45 0.4-0.45 0.45 0.3-0.45

successfully identi�es constant, column-constant, row-constant, additive, multi-

plicative, and additive-multiplicative bicluster models and performs slightly less

than UniBic for up-regulated and trend-preserving types.

Robustness of POPBic in the presence of noise

The input parameters for noisy data is kept same as before. To evaluate the

robustness of POPBic algorithm we select additive-multiplicative, additive, mul-

tiplicative, and trend-preserving models for experiment. Due to unavailability of

biclusters, we cannot give the relevance and recovery score for some of ε values.

The selected values of ε for the noisy synthetic datasets are given in Table 5.6.

In the previous section, it has been clearly demonstrated that POP-

Bic performs satisfactorily for all eight bicluster types. Extraction of additive-

multiplicative, multiplicative, and trend-preserving models is considered to be

the most challenging task [3, 277, 337]. In addition to this, we also experiment

with additive bicluster. Therefore, we consider these four models for studying

the in�uence of noise on the performance of all selected biclustering algorithms.

The experimental results for noisy data are displayed in Figure 5.5 with the av-

erage relevance and recovery scores. Our algorithm exhibits robust performance

in the presence of noise, indicating an average recovery score above 0.88 for the

additive model and outperforms all other biclustering algorithms across all noise

levels. POPBic has been performing well in comparison to its other competing

algorithms for noisy multiplicative and trend-preserving models in terms of re-

covery score. POPBic also recovers the additive-multiplicative model from noisy

data, but it slightly falls in performance for higher levels of noise compared to

OPSM.

FABIA shows robust performance throughout all noise levels and does

not change much. Although UniBic shows good performance for datasets without

noise, its match score is a�ected at higher levels of noise. The performance of

QUBIC goes down for noisy data. POPBic can �nd nearly true biclusters when
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Figure 5.4: Relevance and recovery scores with error bars (range) of di�erent
biclustering algorithms on eight di�erent biclustering models.

173



POPBic 5.6. Performance analysis

there is no noise. The match score gradually degrades with higher levels of noise,

although it can still �nd most implanted biclusters. OPSM shows a more robust

nature than BicSPAM. Taking all bicluster types together, it can be said that

POPBic substantially outperforms with respect to recovery scores than other

biclustering algorithms for noisy data.
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Figure 5.5: Relevance and recovery scores of di�erent biclustering algorithms on
four models over noise scenario.

Overlapping bicluster detection

We additionally compare POPBic with the �ve biclustering algorithms on over-

lapping datasets. Here, also we choose the four most challenging bicluster

types for our experiment i.e., additive, multiplicative, additive-multiplicative,

and trend-preserving as in the previous section. The average relevance and re-

covery scores of six algorithms are shown in Figure 5.6 for each type of overlapping

test matrices. The input parameters for the overlapping data matrix is kept the

same as the model experiment. The selected values of ε for overlapping data are
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Table 5.7: The selected values of ε for POPBic algorithm in the overlapping
scenario.

Overlap Types of biclusters
Additive-multiplicative Additive Multiplicative Trend-preserving

0×0 0.2-0.4 0-0.2 0.2-0.45 0.3-0.45
3×3 0.15-0.35 0-0.15 0.2-0.4 0.2-0.45
6×6 0.2-0.4 0-0.1 0.25-0.35 0.25-0.4
9×9 0-0.35 0-0.15 0.2-0.35 0.1-0.45

reported in Table 5.7.

Most algorithms go down when the overlapping degree is increased. The

worst performer for this particular testing scenario is QUBIC; its initial score is

also very low. Our algorithm is quite able to recover biclusters when the over-

lap is not allowed for all models. POPBic reaches the highest relevance and

recovery scores (close to 1) for higher levels of degrees (up to 6 × 6) to detect

additive biclusters. But for overlapping degree 9× 9, POPBic's performance de-

grades more in the recovery score than OPSM and UniBic, but it still achieves

the highest relevance score near 1 compared to 0.8 for UniBic. In the case of

additive-multiplicative biclusters, POPBic retrieves biclusters with higher recov-

ery scores than other algorithms, but it slightly deteriorates compared to OPSM

for higher overlap degrees. For the other two models, such as trend-preserving

and multiplicative, UniBic exceeds all competing methods. This analysis demon-

strates that POPBic works well for additive-multiplicative and additive models

for overlapping biclusters.

5.6.3 Performance on real datasets

To compare the e�ectiveness of the POPBic algorithm with all other algorithms,

we further experiment on four cancer microarray gene expression datasets [76].

Table 5.8 summarizes the datasets used in this experiment. The KEGG [172]

pathways associated with each gene are downloaded from the web-server DAVID1

and in Table 5.8 the number of unique pathways for each of the datasets are

reported.

The input parameters of POPBic for the real dataset are the same as

those for synthetic datasets except for ε which is �xed after simulation. Based

on the experimentations on arti�cial data, we observe that the performance of

the algorithm degrades for values above 0.5. Therefore, we execute POPBic with

ε values in the range 0.1 ≤ ε ≤ 0.5, with a stepwise increment of 0.05. From each

1https://david.ncifcrf.gov/home.jsp
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Figure 5.6: Relevance and recovery scores of di�erent biclustering algorithms on
four models over overlapped biclusters.

Table 5.8: Four cancer gene expression datasets.

Dataset Tissue Pathways
Armstrong-v2 Blood 288
Bhattacharjee Lung 285
Laiho Colon 283
Singh Prostate 204

setting, we obtain the p-value of each bicluster and compute the percentage of

enriched biclusters. Higher percentages of enrichment and lower p-values (near

0) indicate a better result. The criterion to report the best possible bicluster is

to satisfy both the criteria of lower p-value and more than 90% enrichment of

biclusters (according to Biological Process). The biclusters extracted by di�erent

biclustering algorithms are evaluated based on GO annotations.
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Statistical analysis

The POPBic algorithm obtains a total of 326 biclusters from microarray gene

expression datasets (Table 5.9). The statistical relevance of the obtained biclus-

ters from POPBic is highly satisfactory with respect to coverage as mentioned

in [21, 311]. In this chapter, we use two criteria: Gene coverage and Condition

coverage to quantify the abilities of biclustering algorithms. The properties of

obtained biclusters using di�erent biclustering algorithms are reported in Table

5.9 in association with the largest sized and smallest sized biclusters. We can

clearly observe that POPBic covers on average 82.18% of genes and 99.75% of

conditions, taking all the datasets together. OPSM returns 84.43% of genes and

56.04% of conditions. Therefore, POPBic can generate biclusters with higher

coverage of the data matrix than other biclustering algorithms. Amongst all,

BicSPAM shows poor gene and condition coverages of 20.36% and 30.35%, re-

spectively. FABIA and UniBic coverages are 99.28% and 92%, respectively of

the conditions, whereas Gene coverage for both the algorithms is relatively low.

Enrichment analysis

The biological assessment of identi�ed biclusters from real datasets is carried out

using functional enrichment analysis. The key goal is to determine whether the

genes of each generated bicluster are signi�cantly enriched or not with respect to

the GO annotations. Due to the unavailability of the true biclusters, we use GO

enrichment analysis to evaluate the biclusters, demonstrating how well genes can

match with di�erent GO categories. To achieve this purpose, we use a web-based

tool called FuncAssociate [35] for genes. The tool computes the p-values of each

of the biclusters. A bicluster is considered to be enriched if p-values of all the

annotation terms are less than the signi�cance cut-o� value. In Table 5.9, we

report the GO terms which correspond to the lowest p-value. The result suggests

that POPBic is able to determine biclusters with high biological relevance.

The performance of biclustering algorithms can be evaluated by the per-

centage of enriched (one term or more than one terms) biclusters to the total

number of extracted biclusters as shown in Equation 4.6.3. Tables 5.10, 5.11

and 5.12 present the aggregated results considering all the four gene expression

datasets for 5%, 1%, 0.5%, and 0.1% level of signi�cance for three di�erent do-

mains BP, MF, and CC, respectively. POPBic seems to outperform all other

biclustering algorithms for all the datasets, the values are shown in all three

Tables 5.10, 5.11, and 5.12 with boldface. POPBic shows an edge over its com-

petitors obtaining a higher percentage of enriched biclusters out of 326 biclusters
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for BP as well as other domains for the di�erent signi�cance levels. BicSPAM

outputs 21 biclusters and achieves the second-highest enrichment level for BP and

CC. Even though the strongest competitor of POPBic algorithm, viz. UniBic has

shown good performance for synthetic data, it could give only 62.28% (5% level

of signi�cance) enrichment rate for real datasets. OPSM and FABIA identify

lower numbers of biclusters, 83 and 51, respectively with smaller percentages of

enrichment rates. OPSM retrieves the lowest p-value but QUBIC has 63.5% (5%

level of signi�cance) as enrichment score with 254 enriched biclusters out of 400

biclusters. In addition, we also compare the performance of algorithms by com-

puting the total number of unique signi�cant annotation terms. This evaluation

demonstrates that a higher number of signi�cant terms has a better functional

grouping. This is depicted in Figure 5.7. We can clearly see that on average

POPBic has a better number of enriched terms than any other algorithm.

Biological study

The resultant biclusters obtained from the blood cancer dataset by POPBic algo-

rithm, have been analyzed from the biological point of view [257]. The biological

study focuses on 55 enriched biclusters for Biological Processes out of 56 bi-

clusters. Among these biclusters, all of the 55 biclusters are associated with

cancer-related genes which have been investigated by Network of Cancer Genes

(NCG) [13].

For each of these enriched biclusters, we �nd the percentage of cancer-

related genes and select bicluster 33 for further analysis since it has the highest

percentage, due to its small size. Out of 80 genes (with o�cial gene ids), 49 genes

were annotated with various pathways (including cancer-related pathways such

as proteoglycans in cancer inferred from DAVID [144], Toll-like receptor signaling

pathway, pathways in cancer, and MAPK pathway validated from GeneAnalytics

[31]). Among the genes unannotated with any pathways, we found that sev-

eral of them are related to various cancers based on literature. Those genes

are DFNA5, MAGEA3, S100A4, CASP2, CCT6B, CHD1L, CLUAP1, DTNA,

EMP1, GZMM, GBP1, HOXA4, HOXA5, HOXB2, IFIT3, MYT1L, NKTR,

NFIB, NFIX, PMP2, PRTN3, RTEL1, RARG, SCN2B, SLC17A4, SNTB1, and

TES. Among these genes, PRTN3 is a leukemia cancer gene inferred from Gene-

Analytics, although it has not been annotated with any of the known pathways.

This is important since we can now infer that even an unannotated gene belong-

ing to a bicluster might be related to genes responsible for a particular disease

sharing the highest number of pathways.
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Table 5.10: GO enrichment analysis result of di�erent biclustering algorithms on
real datasets based on Biological Process.

Algorithm Found Enriched biclusters
5% 1% 0.5% 0.1%

OPSM 83 67.47% 66.27% 63.86% 53.01%
QUBIC 400 63.5% 43.5% 39% 34%
FABIA 51 50.98% 29.41% 25.49% 23.53
BicSPAM 21 90.48% 85.71% 76.19% 66.67%
UniBic 342 62.28% 56.43% 52.63% 43.86%
POPBic 326 96.32% 89.57% 88.04% 83.44%
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Figure 5.7: The number of enriched terms (shown in y-axis) by six di�erent
methods (shown in x-axis) for di�erent datasets.

5.6.4 Results of miRNA breast cancer data

Now, the proposed algorithm has been applied to the miRNA dataset as de-

scribed in Chapter 4, Section 4.6.4 in order to study its performance. The KEGG

pathways associated with each miRNA is downloaded from the Web-server miR-

Walk2.02. The number of pathways used for the miRNA dataset is 198. The

parameters of the POPBic algorithm for this miRNA breast cancer dataset are

as follows: 0.5 for ε and 10 for the minimum number of conditions Cmin. POPBic

algorithm obtains a total of 38 biclusters from the miRNA dataset. The obtained

result is compared with other methods like OPSM, QUBIC, FABIA, BicSPAM,

and UniBic. BicSPAM algorithm does not identify any biclusters for the miRNA

dataset, therefore it is excluded from our further analysis.

Table 5.13 reports the percentage of enriched biclusters based on BP, MF,

2http://zmf.umm.uni-heidelberg.de/apps/zmf/mirwalk2/holistic.html
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Table 5.11: GO enrichment analysis result of di�erent biclustering algorithms on
real datasets based on Molecular Function.

Algorithm Found Enriched biclusters
5% 1% 0.5% 0.1%

OPSM 83 51.81% 48.19% 44.58% 39.76%
QUBIC 400 43.25% 30.5% 28% 22.5%
FABIA 51 31.37% 17.65% 15.69% 15.69%
BicSPAM 21 57.14% 47.62% 47.62% 38.10%
UniBic 342 48.83% 44.74% 44.15% 40.35%
POPBic 326 80.06% 74.23% 71.17% 64.11%

Table 5.12: GO enrichment analysis result of di�erent biclustering algorithms on
real datasets based on Cellular Component.

Algorithm Found Enriched biclusters
5% 1% 0.5% 0.1%

OPSM 83 60.24% 54.22 51.81% 50.60%
QUBIC 400 39.25% 37% 34% 30.25%
FABIA 51 31.37% 21.57% 17.65% 15.69%
BicSPAM 21 76.19% 71.43% 71.43% 66.67%
UniBic 342 40.35% 28.65% 25.73% 22.81%
POPBic 326 88.96% 82.82% 81.60% 78.53%

and CC of di�erent biclustering algorithms. In this scenario, we use DIANA

mirPath v.3 [329] to compute p-value considering the level of signi�cance as

0.05. For the miRNA dataset, QUBIC outperforms all biclustering algorithms

for BP, MF, and CC. Whereas, POPBIC can only give 100% enriched biclusters

for CC only. In the case of MF, it is better than OPSM and FABIA. For BP

the performance of POPBic degrades than OPSM, QUBIC, and UniBic. On the

other hand, we have provided the lowest p-value from the resulting biclusters of

di�erent algorithms in Table 5.14. We can observe that POPBic, UniBic, and

OPSM give the lowest p-value which is 0. Hence, we can say that POPBic can

identify signi�cant biclusters.

5.7 Potential biomarkers identi�cation

We apply network-based and frequency-based biomarker identi�cation methods

as described in Chapter 3 and 4, respectively to detect potential biomarkers.

The parameter settings is similar to Sections 3.7 and 4.7. In Table 5.15, we

report identi�ed biomarkers of di�erent cancers from the biclusters obtained by

POPBic algorithm. The biomarkers are veri�ed through di�erent scholarly pub-
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Table 5.13: Enrichment analysis result of di�erent biclustering algorithms on
miRNA dataset.

Algorithm Found Enriched biclusters
BP MF CC

T % T % T %
OPSM 17 16 94.12 16 94.12 16 94.12
QUBIC 100 100 100 100 100 100 100

FABIA 13 4 30.77 4 30.77 4 30.77
UniBic 100 99 99 99 99 99 99
POPBic 38 27 71.05 36 94.74 38 100

Table 5.14: Comparative analysis of POPBic algorithm with other methods on
miRNA datasets.

Algorithm GO ID Name p-value
OPSM GO:0043226 organelle 0
QUBIC GO:0043226 organelle 1.51E-312
FABIA GO:0043226 organelle 1.67E-38
UniBic GO:0043226 organelle 0
POPBic GO:0043226 organelle 0

Table 5.15: Potential biomarkers identi�cation using POPBic algorithm.

Method Dataset Potential biomarkers
Frequency Armstrong-v2 WFS1, MFHAS1, PLCH1, MYLK

Bhattacharjee RIMBP2, RTN1
Laiho SULF1, POSTN
Singh RPS5, RPL12, RPS17, RPLP0, RPL14,

RPS14, RPL19, PPIB, RPL11
miRNA hsa-miR-1185-1-5p, hsa-miR-1185-2-5p,

hsa-miR-410, hsa-miR-654
Network Armstrong-v2 FYN, AUTS2

Bhattacharjee CPS1, PCSK1
Laiho COL1A2, FN1
Singh RPS23, RPS3A, RPS15A
miRNA hsa-miR-335-5p, hsa-miR-27a
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lications, Cancer Genetics Web3, and The Human Protein atlas4. As mentioned

in The Human Protein atlas, frequency-based biomarker genesWFS1, MFHAS1,

MYLK, RPS17, and PPIB are considered to be diseased genes. RIMBP2 is

highly expressed in lung squamous cell carcinoma (LUSC) and also has poor

prognosis [347]. This type of cancer i.e., LUSC is closely related with smok-

ing. SULF1 is occurred in higher frequency commonly in three types of cancers,

such as breast, colon, and central nervous system than other normal tissue [327].

It is also reposted in several studies that SULF1 is up-regulated in lung carci-

noma, pancreatic cancer, gastric cancer, and hepatocellular carcinoma [327]. In

Chapter 3, we have seen that RPS5 and RPL12 are considered to be potential

biomarkers. RPL19 is a potential prognostic indicator of prostate cancer as well

as in malignant epithelia [29]. Previously, in breast cancer the overexpression of

RPL19 is described in breast cancer [90]. RPL11 is indirectly responsible for

reducing translation to tumor suppressors (p27 and TP53) and which in turn

promote cancer development [90]. POPBic algorithm identi�es hsa-miR-1185-1-

5p, hsa-miR-1185-2-5p, hsa-miR-410, and hsa-miR-654 miRNA frequency-based

biomarkers. Among these miRNAs, hsa-miR-410 is a potential biomarker as re-

ported in Chapter 4. hsa-miR-654 acts as tumor suppressor in breast cancer

[8]. In many other publications it has been revealed that hsa-miR-654 works as

tumor suppressor in papillary thyroid cancer [8].

Genes COL1A2, FN1, and CPS1 which are identi�ed by network-based

method are also reported in Chapter 3. Researchers have identi�ed FYN as

candidate biomarkers in chronic myelogenous leukemia (CML) [361]. In several

studies, AUTS2 may be implicating in ALL, shows the higher expression in cDNA

samples of patients that normal cell ALL than the normal mononuclear cells [263].

Some publications have demonstrated the altered expression of PCSK1 on lung

cancer [81]. Network-based method recognizes hsa-miR-335-5p and hsa-miR-27a

miRNA as potential biomarkers. With evidence, it is proved that hsa-miR-27a

has a vital role in tumor development, proliferation, apoptosis, polymorphisms,

and tumorigenesis [204]. hsa-miR-27a is also served as tumor suppressor or

oncogene in multiple cancer types such as breast cancer, bladder cancer, colon

cancer, pancreatic cancer, and hepatocellular carcinoma. Apart from this, it is

e�ective in cancer management, drug sensitivity, and patients prognosis. hsa-

miR-335-5p is considered as a promising biomarker in breast cancer and it is

downregulated in breast cancer cells [114]. It is also downregulated in renal cell

carcinoma and considered as a therapeutic target [114].

3http://www.cancerindex.org
4https://www.proteinatlas.org

185

http://www.cancerindex.org
https://www.proteinatlas.org


POPBic 5.8. Discussion

5.8 Discussion

In this study, we have proposed a pattern-based subspace clustering algorithm

for high dimensional data, which incorporates external biological knowledge

from KEGG pathways. The proposed POPBic algorithm (i) extracts biclus-

ters of high statistical signi�cance and high biological relevance, (ii) identi�es

potential biomarkers, (iii) performs consistently well for both synthetic and

real datasets, and (iv) performs satisfactorily even in presence of noise. A

notable advantage of the POPBic algorithm is that it does not a�ect the bi-

clustering result even if the input data is not normalized. To evaluate the

performance of the biclustering algorithm, we have used both synthetic and

real datasets. The synthetic datasets generated by us can be found at http:

//agnigarh.tezu.ernet.in/~rosy8/Bioinformatics_RPBic_Data.rar. The

experiment with synthetic data suggests that it can identify several biclustering

models properly.

POPBic algorithm is dependent on the proper selection of ε value which

is being chosen experimentally. As the ε value is increased results are obtained

in a short span of time with increasing recovery score and decreasing relevance.

However, higher values of ε might not give the order-preserved patterns. Our

focus in this work is recovery score and therefore, we use ε value <= 0.5. The

POPBic algorithm does not perform well in overlapping scenarios, especially

for trend-preserving biclusters. The main reason for performance degradation

is the seed selection which may not be able to capture the trend-preserving

pattern as trend-preserving does not follow any mathematical formula. It also

achieves higher performance for noisy data than any other competing biclustering

algorithms in terms of recovery score. The biological relevance of generated

biclusters has been veri�ed with the help of GO. The obtained result con�rms

that POPBic generates biclusters of high biological signi�cance. Cancer subtype

identi�cation is currently gaining popularity and it would be interesting to extend

this work by studying the possibility of determining the homogeneity of condition

subsets as a basis towards attaining this goal. As future work, we aim to develop

a parallel version of POPBic on Py-CUDA to make it scalable and to provide a

method that will identify the error rate automatically. Further, the work will go

on for further re�nement of the results of POPBic in a di�erential co-expression

analysis framework to enable the identi�cation of relevant disease biomarkers

for some cancer type(s). It has been seen that recent research in subspace gene

clustering has steered towards Triclustering which takes the third dimension into

account instead of just 2 dimensions as was the case in biclustering.
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6
Semi-supervised Tricluster Analysis of

Cancer Gene Sample Time Data

Triclustering as an emerging research topic has achieved a lot of attention to

identifying genes exhibiting similar behavior or co-expressed under a subset of

samples or experimental conditions across time points from Gene Sample Time

(GST) data. This type of coherent tricluster is useful to elucidate the information

about di�erent phenotypes, potential genes associated with these phenotypes and

their regulations [316]. In Chapter 2, we have discussed the details of triclustering

algorithms, their types and evaluation measures. We have proposed biclustering

algorithms in Chapter 4 and 5, which are restricted to two dimensions whereas

triclustering extends the concept of biclustering to the temporal domain using

GST data. In chapter 5, it has been observed that the semi-supervised bicluster-

ing algorithm gives more signi�cant biclusters than unsupervised methods. Moti-

vated by the incorporation of biological knowledge in the biclustering process, we

propose a novel semi-supervised triclustering algorithm, named Pathway-based

Order-Preserving Triclustering algorithm (POPTric) for 3D data. Similar to

POPBic, we guide POPTric using KEGG pathway information. To the best of

our knowledge, KEGG pathway information has not been incorporated in tri-

clustering algorithm till the writing of this thesis. This chapter is organized as
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follows. In Section 6.1, we start the chapter with an introduction. Then related

work is reported in Section 6.2. The motivation of this particular work is ex-

plained in Section 6.3. Section 6.4 demonstrates the proposed method in detail.

The time complexity of the POPTric algorithm is analyzed in Section 6.5. The

evaluation of the POPTric algorithm with other existing algorithms is discussed

in Section 6.6. Next, we report the potential biomarkers in Section 6.7. We end

this chapter with a discussion in Section 6.8.

6.1 Introduction

Traditional clustering essentially means a grouping of genes that are co-expressed

under the full set of experimental conditions or grouping of experimental con-

ditions over the full set of genes based on some proximity measure. However,

subspace clustering is found to be more successful and biologically meaningful

than full-space clustering in many of the applications because full-space cluster-

ing fails to capture the local pattern of the data. To analyze, 3D GST data we

further proceed for 3D subspace clustering i.e., triclustering. Triclustering algo-

rithms aim to �nd the coherent clusters that are similar across genes, conditions,

and time points. Genes are clustered under a subset of conditions and a subset

of time points.

Since 2005, plenty of triclustering algorithms have been proposed in the

context of GST data in the last sixteen years. One of the challenges of tricluster-

ing algorithms is to identify all types of patterns (please refer Section 2.4) such

as additive, multiplicative, and additive-multiplicative patterns by a single algo-

rithm. To the best of our knowledge, such type of algorithm is not yet present.

Therefore, there is always a need for good triclustering algorithms which can

identify di�erent types of patterns from the dataset. To address this issue, we

propose a novel triclustering algorithm, POPTric which handles this issue nicely.

Being motivated by the POPBic algorithm in Chapter 5, propose our

triclustering algorithm POPTric based on the concept of order-preserving. This

concept is a well-established problem in mathematics that has been tackled in

the past for gene expression data [316]. The crucial task of our proposed algo-

rithm POPTRic is to identify order-preserving submatrices which are in strictly

monotonically increasing order using an OPPM algorithm. Our algorithmic ap-

proach is particularly interested in seeking a fragment of text which is order-

isomorphic to the given pattern. Let the two patterns X and pat of length

n be order-isomorphic, and pat[a] ≤ pat[b] if and only if X[a] ≤ X[b] for all
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a, b = {1, 2, . . . , n} [182]. A further variant of OPPM can be generalized in

OPPM, with K mismatches which relaxes the exact pattern matching to approx-

imate pattern matching [115]. The details of the fundamental concepts can be

found in Chapter 5, Section 5.1.

In this work, we propose a semi-supervised triclustering algorithm guided

by the KEGG pathway. A biological pathway can be de�ned as a series of interac-

tions among molecules leading to change certain products in a cell [93]. Pathways

are the most important key factors to understand the biological functions of a

group of genes and phenotypic changes of the patients [341]. Therefore, we in-

corporate pathway information in our method to obtain groups of genes to show

functionally and biologically relevant clusters. A lot of research that use GO,

KEGG, protein-protein interaction network, and genome-wide binding data have

been reported in [255]. Luque-Baena et al. have proposed a KEGG-improved

evolutionary strategy incorporating KEGG information in gene feature selection

method showing better results than the classical one [223]. Mallavarapu et al.

have proposed a pathway-based deep clustering technique that is successfully

used in the identi�cation of cancer subtypes [341]. The salient contributions in

this work are

• Incorporation of KEGG information in order-preserving triclustering.

• Generation and validation of 210 synthetic datasets to establish the e�-

ciency of POPTric.

• Statistical and biological validation of real 3D gene expression data.

• Ability to discover three types of tricluster patterns.

6.2 Related work

In this section, we survey existing triclustering algorithms. These algorithms can

also be categorized according to whether they use external knowledge [194] or not

[37, 165, 364]. In Chapter 2, we have reviewed several unsupervised triclustering

algorithms in detail.

Now, we revisit triclustering algorithms depending on the ability to re-

cover di�erent types of triclusters. TriCluster [364] algorithm can mine arbitrary,

overlapped triclusters having constant, multiplicative as well as additive patterns.

The algorithm ignores intertemporal coherence and is highly dependent on pa-

rameters. Following the approach of TriCluster, several versions were designed
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to mine clusters, such as gTRICLUSTER [165] and ParTriCluster [16]. gTRI-

CLUSTER does not take care of tricluster patterns rather it focuses on more bi-

ologically signi�cant clusters than TriCluster. On the other hand, ParTriCluster

detects additive-multiplicative patterns. Xu et al. [346] develop a novel pattern-

based triclustering algorithm to mine additive-multiplicative co-regulation pat-

terns. Another pattern-based triclustering algorithm is proposed by Wang et

al. [330] to discover time-delayed clusters (td-cluster). This model attempts to

capture coherent genes under di�erent subsets of dimensions when genes follow

time-delayed relationships. Algorithms Intersected Coexpressed Subcube Miner

(ICSM) [4] and OPTricluster [316] identify order-preserving submatrices. ICSM

can detect perfect additive triclusters whereas OPTricluster discovers constant

and coherent patterns. Bhar et al. [37] have proposed δ-TRIMAX to identify

perfect shifting triclusters. Moreover, TriWClustering [79], Trigen [126], and

EMOA-δ-TRIMAX [38] algorithms also identify perfect additive patterns.

A good number of algorithms have been mentioned in Section 2.4 which

do not use biological knowledge at the time of clustering process, rather external

knowledge is used in the evaluation of the identi�ed clusters. Limited work has

been done on semi-supervised triclustering algorithms. The algorithm proposed

in [194] is a semi-supervised learning. Authors have de�ned regulation expression

values by incorporating gene regulatory information with gene expression data.

In addition to the heuristic TRI-clustering algorithm, they have also proposed the

Automatic Boundary Searching (ABS) algorithm for calculating the boundary

threshold automatically. The algorithm is data source speci�c, therefore it does

not work for GST data as well as does not �nd additive-multiplicative patterns.

6.3 Motivation

Unlike unsupervised machine learning approaches for gene expression data, re-

cently it has been realized that integration of various open access data in the �eld

of clustering or classi�cation outperforms traditional algorithms and enhance the

spurious information present in the omics data [255]. From a biological point of

view, biological databases such as GO and KEGG have played an important

role in the context of triclustering algorithms for judging the quality of triclus-

ters [37, 38]. Biological knowledge is used as posterior criteria to ensure the

relevancy of the discovered clusters. The active involvement of semi-supervised

learning approaches have led to their gaining popularity in the �eld of cluster-

ing [225, 244, 307, 325] and biclustering [135, 214, 255, 328]. Li and Tuck [194]
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have proposed a triclustering algorithm that integrates gene expression and gene

regulatory information for clustering. Integration of any biological information

from the open-access databases is a challenging task and is currently one of the

most prominent research directions [103].

Various complex relationships exist among genes. One such relationship

is negative correlation i.e., one gene shows high expression value for a condition

whereas another gene shows low expression value for that condition and vice versa

[346]. Not much attention has been given to capturing negative correlations by

the existing subspace clustering algorithms. It is also being claimed that posi-

tively and negatively correlated genes are grouped to perform a biological activity

[88]. Both positive and negative are very much important for identifying e�ective

phenotypes [240]. In Figure 2.7-B, all three genes show additive-multiplicative

patterns and gc shows a negative correlation with the other two genes because

of the negative scaling factor. To address this problem, we propose a novel tri-

clustering algorithm that is capable of identifying all of these patterns including

negatively co-expressed genes.

6.4 Proposed method

The objective of our subspace clustering is to identify 3D clusters from GST which

can cope with the noisy nature of the data. This study also aims intuitively

to identify positively and negatively co-expressed genes having the minimum

number of samples Smin and the minimum number of time points Tmin from GST

D matrix. Figure 6.1 illustrates the basic functionality of POPTric algorithm.

De�nition 6.4.1 The Tricluster Di�usion (TD) score of a tricluster j is the

ratio of Mean Square Residue MSR3D to the volume of jth tricluster as given in

Equation 6.4.1, where |Xj|, |Y j|, and |Zj| are the number of genes, the number
of samples, and the number of time points of a tricluster, respectively.

TDj =
MSRj

3D

|Xj| ∗ |Y j| ∗ |Zj|
(6.4.1)

A lower TD score of a resultant tricluster indicates a better quality tricluster.

The size of a tricluster should be large andMSR3D (Equation 2.4.5) value should

be lower to have better coherence in tricluster.

De�nition 6.4.2 Bicluster Di�usion (BD) score of a bicluster j can be de�ned

by the ratio of Mean Square Residue MSR2D (Equation 2.3.9) of the bicluster to

the volume of jth bicluster as given in Equation 6.4.2, where |Xj| and |Y j| are
the number of genes and the number of samples of a bicluster, respectively.
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BDj =
MSRj

2D

|Xj| ∗ |Y j|
(6.4.2)

The tricluster identi�cation process is divided into four major steps.

(i) Identi�cation of signi�cant seed genes considering 3D matrix.

(ii) Creation of order matrix for G × S matrix for each time plane tz, where

z = {1, 2, . . . , v}

(iii) Mining of biclusters from G× S matrix for each time plane.

(iv) Mining of triclusters by merging biclusters on the time dimension of input

data.

The parameters used in this algorithm are signi�cant cut-o� α, number of clusters

K, the minimum number of samples Smin, the minimum number of time points

Tmin, an error-tolerant threshold ε, an overlapping threshold θ, and a merging

threshold δ̄ to get a list of triclusters Tric. The steps involved in our proposed al-

gorithm POPTric is described below in detail. The algorithm is outlined in Algo-

rithm 4. The algorithm is implemented in MATLAB and the source code is avail-

able at http://agnigarh.tezu.ernet.in/~rosy8/Bioinformatics_POPTric_

Code_share.rar

6.4.1 Signi�cant seed gene identi�cation

In its very �rst step, triclustering algorithm identi�es signi�cant seed genes uti-

lizing the KEGG pathway information. We download a functional annotation

table from a web-based tool DAVID where we get the KEGG pathway informa-

tion for each of the given input genes fed into the web-server [144]. Let, there

be m number of genes G = {g1, g2, . . . , gm} in a GST data and h number of

unique pathways P = {p1, p2, . . . , ph} identi�ed from DAVID. Therefore, we �nd

out genes (G′) that are involved in at least one biological pathway for the seed

gene identi�cation step. Thereafter, we convert input 3D GST data into 2D data

(GS for each time point) and assume all the samples in a particular time point

as one group. Hence, we have v number of groups which is useful to compute the

p-value of all the genes in G′ using variance analysis or ANOVA test, where α is

set to 5% or 0.05. It is assumed that less signi�cant genes have lower variability

over samples for tricluster identi�cation [40]. Next, we apply K-means algorithm

to �nd K numbers of gene cluster CL = {cl1, cl2, . . . , clK} from G × (S × T )

data taking all time points together. After that we identify genes G′′ from each
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Figure 6.1: Schematic diagram of POPTric algorithm.

of the clc′ , c′ = {1, 2, . . . K}, clusters with lowest p-value (< 0.05) as signi�cant

seed genes according to de�nition 6.4.3. Therefore, the number of seed genes can

not be greater than K i.e., |G′′| ≤ K. The graphical depiction is represented in

Figure 6.2.

De�nition 6.4.3 A gene ga is said to be a signi�cant seed gene if it satis�es the

following three conditions. (i) ga must be associated with any biological pathway.

(ii) ga must reside in a cluster, say clc′ and the p-value of the ANOVA test should

be less or equal to signi�cant cut-o� i.e., 0.05. (iii) The p-value of gene ga must

be lowest (<0.05) among all other genes residing in clc′.

6.4.2 Creation of order matrix

POPTric initiates by converting the gene expression 2D data i.e., GS data plane

for each of the time points into two order matrices OMGS and OM ′
GS. The

creation of two order matrices is the same as mentioned in Section 5.4.2 for

OMm×n and OM ′
m×n matrices. In this way, we can compute order matrices for

all T time points to get OMG×(S×T ) and OM ′
G×(S×T ). For a better understanding,
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Figure 6.2: Schematic diagram of identi�cation of signi�cant seed genes.

we include an illustrative example in Figure 6.3.

6.4.3 Mining biclusters

POPTric is interested to seek patterns of the following types: additive, multi-

plicative, and additive-multiplicative across samples in a subset of time points.

Additionally, it also takes into consideration both positively and negatively co-

expressed genes while searching for biclusters. The algorithm utilizes the pathway

information to identify the initiator gene as well as the seed patterns depending

on which other genes are identi�ed to form a bicluster. For the identi�cation of

a subset of samples, we utilize LCS. We �nd T number of biclusters from each

time point based on each signi�cant seed gene. Let us assume Bic = φ is an

empty set for a maximum of T number of biclusters. This is shown in Algorithm

5 and explained next.

Identi�cation of base plane: In this step, we seek for the base plane as

explained next which helps to recognize bicluster from a signi�cant seed gene

i.e., ga ∈ G′′ for base time points. We assemble previously found groups of genes

I ⊆ G corresponding to the cluster say clc′ of ga i.e., ga ∈ clc′ and consider those

genes whose p-values (the result of ANOVA test) are less than α. Thereafter,

we calculate the MSRz
2D (Equation 2.3.9) value for each cluster considering the
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Figure 6.3: Conversion of input matrix into order matrices.

subset of genes I ⊆ G and all the samples S i.e., β(I, S) based on the ISz, where

z = {1, 2, . . . , v}. Among all v number of MSR2D values the minimum MSR2D

is selected as the base plane GSb, tb ∈ T . Next, we consider GSb plane for further
computations.

Computation of overlapping score: As triclustering algorithm is an NP-

hard problem, therefore our target is to reduce the time complexity. We start the

identi�cation of biclusters β from each of the signi�cant seed genes G′′. Hence,

the number of triclusters is ≤ |G′′|. Next, we compute the overlapping scores

using Equation 5.4.1 between a ga ∈ G′′ and all gb ∈ I, where ga 6= gb in order to

�nd a list of genes GM ⊆ G that share a high number of pathways in common

with the seed gene ga which signify the maximum overlapping score. We cannot

perform this step for arti�cial datasets.

Identi�cation of seed patterns: In order to identify the seed patterns, we use

the LCS algorithm to get a maximal set of conditions pertaining to the de�nition
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Algorithm 4: POPTric algorithm
Input : DG×(S×T ) with a set of genes G = {g1, g2, . . . , gm}, a set of

samples S = {s1, s2, . . . , sn} and a set of time points
T = {t1, t2, . . . , tv}, set of pathways identi�ed from
P = {p1, p2, . . . , ph} DAVID, K, α = 0.05, Smin, Tmin, ε, δ̄

Output: Tric: A �nal list of triclusters
1 Tc = φ
2 Find out genes G′ which are involved in at least one P
3 Compute p-value of all the genes in G′ using ANOVA test
4 Apply K-means algorithm on DG′×(S×T ), where K is number of clusters

CL = {cl1, cl2, . . . , clK}
5 Identify signi�cant seed genes G′′ from each cluster clc′ , where p-value

< α and minimum among all genes present in clc′
6 for all tz ∈ T do

7 Compute OMG×S×tz and OM
′
G×S×tz

8 end

9 for all ga ∈ G′′ do
10 Mining biclusters Bic (OMG×S×tz , OM

′
G×S×tz , where tz ∈ T , P , Smin,

ε, CL, α)
11 Obtaining triclusters T from biclusters Bic (Bic, Tmin, δ̄)
12 Add T to Tc
13 end

14 Prune triclusters Tc to get �nal list of triclusters Tric

of bicluster having a maximum number of samples. The elementary concept

of applying LCS between pair of rows is built on the observation about the

presence of a common subsequence between order matrix (OMGM×(S×tb)) rows.

We obtain L number of seed patterns between ga and for all gw ∈ GM . Thus,

we get L number of patterns Seedpt = {pt1, pt2 . . . , ptL}, L = |GM |, where size

of each pattern should be at least Smin and Seedpt ≤ L. Seedpt is in decreasing

order of pattern length i.e., |pt1| ≥ |pt2| . . . ≥ |ptL|. The reason for considering

the longest patterns is to �nd the maximum sized biclusters. It is noteworthy

that we can not compute overlapping scores for the synthetic datasets. Hence,

for synthetic datasets we consider all genes gc ∈ I to �nd the seed pattern

Seedpt = {pt1, pt2 . . . , pt|I|}. The main reason is to reduce the time complexity

and not search for all the genes which is actually a time-consuming process.

Except for the changes in the number of seed patterns, all other steps are the same

for both real and arti�cial datasets. We use notations based on real datasets.

Mining OPPM genes: In this step, each pattern ptl′ ∈ Seedpt, where l′ =

{1, 2, . . . , L} triggers the formation of an initial bicluster βb for a time point tb
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Algorithm 5: Mining biclusters
Input : OMG×S×tz , OM

′
G×S×tz where tz ∈ T , Smin, ε, CL, α

Output: Bic: A list of biclusters
1 Bic = φ
2 Find the cluster membership of ga, say clc′
3 Identify the genes I ⊆ G ∈ clc′ and p-values of each gene < α
4 for all tz ∈ T do

5 Calculate MSRz
2D for the cluster clc′ considering the subset of genes

I ⊆ G and all samples S in tz
6 end

7 Find the time point tb which gives minimum MSRb
2D value

8 X b = ga
9 for all gb ∈ I do
10 Compute Oscore(ga, gb) and gb 6= ga
11 end

12 Determine a gene list GM which has maximum Oscore with ga
13 Seedpt = φ
14 for all gw ∈ GM do

15 Compute ptl′ by LCS between pair of (ga, gw) using OMGM×(S×tb)
16 if |ptl′ | ≥ Smin then
17 Seedpt = Seedpt ∪ ptl′
18 end

19 end

20 Sort all patterns of Seedpt in descending order, arrange gw ∈ GM based
on longest pattern produced with ga and cluster expansion starts with
new set of genes

21 for all ptl′ ∈ Seedpt and gw ∈ GM do

22 X b = X b ∪ gw
23 Y = ptl′
24 for all gi ∈ G \ {X b} do
25 if OMgi×(S×tb) approximately matches to ptl′ with ε then
26 X b = X b ∪ gi
27 else if OM ′

gi×(S×tb) approximately matches to R(ptl′) with ε

then

28 X b = X b ∪ gi
29 end

30 end

31 end

32 if |X b| ≥ |Y | then
33 βb ← {X b, Y }
34 Add βb to Bic
35 break
36 else

37 X b = ga
38 end

39 end
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40 for tz′ ∈ T \ tb do
41 X z′ = ga
42 for all gi ∈ G \ {X z′} do
43 if OMgi×(S×tz′ ) approximately matches to Y with ε then
44 X z′ = X z′ ∪ gi
45 else if OM ′

gi×(S×tz′ )
approximately matches to R(Y ) with ε

then

46 X z′ = X z′ ∪ gi
47 end

48 end

49 end

50 if |X z′ | ≥ |Y | then
51 βz

′ ← {X z′ , Y }
52 Add βz

′
to Bic

53 end

54 end

which is initially empty, say βb = φ. Bicluster expansion process starts with two

genes ga and gw i.e., βb = {ga, gw}, where ga ∈ G′′, gw ∈ GM , and gw has the

largest LCS with respect to ga. The more generalized version of adding genes in

a bicluster can be de�ned as follows.

From a converted 2D matrix G × (S × T ), the bicluster βbX b×Y can be

extracted by identifying a subset of genes X b ⊆ G under a subset of conditions

Y ⊆ S, where each of the genes gi ∈ X b is order-preserved having maximum

error ε = K
|Y | with the identi�ed pattern Y = ptl′ , where l′ = {1, 2, . . . , L}. Here,

K is the maximum number of allowed mismatches.

Bicluster βb starts to add one gene at a time from {G \ {ga, gw}} having
a similar pattern with the ptl′ in Seedpt. Next, we focus on identifying positively

as well as negatively co-expressed genes on the basis of seed pattern ptl′ . We

further extend our βb by checking the rest of the genes gi ∈ {G \ {ga, gw}} and
adding a new gene using the following two rules.

(i) Add gi at a time from OMG×(S×tb) considering the general version of adding

genes in βb with maximum error ε.

(ii) If gi is not included in the �rst check, it can be added next using the re-

verse seed pattern (R(pt′l)) which indicates the opposite (negative/positive)

pattern of pt1 (positive/negative) in a similar fashion, from OM ′
G×(S×tb).

It is important to note the fact that positive and negative co-expressed patterns

which are actually opposite in nature can form a cluster. Negative co-expressed
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patterns are explained in Section 5.4.2. We keep on adding new genes (either

positive or negative) into the βb until all genes are visited once. A bicluster is

considered to be the �nal bicluster if it satis�es the criteria |X b| ≥ |Y | [337]
otherwise we move to next ptl′ in Seedpt, where l′ = {2, 3, . . . , L} until we �nd a

bicluster from that seed gene ga. It has been observed that gene expression data

have a larger number of genes than the samples therefore, we keep the criteria

to have a bicluster as |X b| ≥ |Y |. To reduce the time complexity, we will not

search for all ptl′ , as soon as we get a bicluster from ptr, r ∈ l′ we skip all others

ptL\{1,2,...,r}. It may also happen that, we may not �nd a bicluster after searching

the entire seedpt.

Finally, we �nd a bicluster Bic = {βb} comprised of a subset of genes

X b ∈ G and a subset of columns Y ∈ S for tb time point. Now, Y is considered as

the base pattern. We take the base pattern ptr = Y and repeat only the process

of mining OPPM genes for all other time points {T \ tb}. Let us again assume

the initial bicluster βz
′

= ga for tz′ , where z′ = {T \ tb}. We include genes from

G\ga by following the above-mentioned two rules until all genes are visited once.

The bicluster βz
′

X z′×Y should obey the criteria of |X z′| ≥ |Y |, where X z′ ∈ G.

(Again, sometimes the bicluster may not be available depending on Y .) We add

βz
′
in Bic = {βb, βz′}. Therefore, the algorithm results in a maximum of v or |T |

number of biclusters Bic = βz
′
, where z′ = {1, 2, . . . , v} because for each time

point, only one bicluster is identi�ed.

Lemma 6.4.1 From each seed gene, the maximum of v number of biclusters are

obtained.

Proof: Let ga ∈ G′′ be the seed gene. L number of seed patterns, Seedpt =

{pt1, pt2 . . . , ptL}, are obtained between ga and all gw ∈ GM , where L = |GM |
and GM is the list of genes, GM ⊆ G that share the maximum number of

pathways with seed gene, ga. The size of each pattern, ptl′ ∈ Seedpt (where

l′ = {1, 2, . . . , L}) is at least Smin (i.e., |ptl′| = Smin). The seed patterns are

sorted in descending order (i.e., |pt1| > |pt2|, . . . , |ptL|) to help in identifying bi-

cluster βb from base plane with respect to largest sized seed pattern i.e., bicluster

identi�cation starts in the order Seedpt is arranged. On obtaining a bicluster ptr,

(r ∈ l′) all other ptl′ ∈l′inr Seedpt are ignored and the search for bicluster with

respect to ga stops. Therefore, only one bicluster is obtained from a given seed

pattern. This is repeated for all the time points tz′ , where z′ = {T \ tb} and
z′ = {1, 2, . . . , v} for identifying other biclusters. Hence, the maximum of v

number of biclusters Bic = {β1, β2, . . . , βv} are obtained from each seed gene.

199



POPTric 6.4. Proposed method

6.4.4 Obtaining triclusters from biclusters

After obtaining v number of biclusters Bic = {β1, β2, . . . , βv} for all the time

slices, we now proceed to mine a tricluster. This step takes as input Bic, δ̄,

and Tmin, which is an user-de�ned threshold. Here, biclusters have a di�erent

subset of genes and the same subset of conditions Y throughout all biclusters.

Now, it's time to discover the subset of time points Z and a subset of genes X

amongst all these biclusters to identify a single tricluster T . To do this, we �nd

the BDβz , z = {1, 2, . . . , v} score for each bicluster βz present in Bic and sort the
BDβz scores in ascending order such that BDβp ≤ BDβq ≤ BDβs . . . ≤ BDβv

to process the biclusters further. Let's assume bicluster βp = {X p, Y } at time tp
has the smallest BDβp score and βq = {X q, Y } at time tq gives the second-lowest

BDβq score. Therefore, the initial tricluster is made up with T = {φ, Y, tp}
with the base pattern but no genes and only tp time point since we have not

processed any biclusters yet. We de�ne length of genes in a bicluster LNβ as

LNβ = length({gx, gx ∈ G}). Let's begin to add time points in Z = {tp} if any
one of the following criteria satis�es.

(i) For any two biclusters βp and βq, if LNβp ≥ LNβq and δ̄new =
LNβq−LNβp

LNβq
≤

δ̄ we add the time point tq to Z i.e., Z = {tp, tq}. This signi�es that the

smaller cluster has few extra elements, therefore we can add the time point.

(ii) For any two biclusters βp and βq, if LNβp ≤ LNβq and δ̄new =
LNβp−LNβq

LNβp
≤

δ̄ we add the time point tq to Z i.e., Z = {tp, tq}.

After addition of time points we update the merging threshold δ̄ = δ̄ + δ̄new and

the intersection of X p and X q is added to X i.e., X = {X p ∩ X q}. Subset of

genes X become again X p. We continue to process all the biclusters from ts time

point to tl time point with the bicluster at updated tp time point to �nd the time

points as mentioned before. During this process, we need to check the criteria to

be a tricluster T to add into the list of triclusters Tc, i.e., |Z| ≥ Tmin. Till now

we have only a single tricluster from ga. The entire process is repeated until all

the genes in G′′ are visited once to get list of triclusters Tc. The pseudo-code is

given in Algorithm 6.

6.4.5 Tricluster pruning

POPTric identi�es a maximum of |G′′| number of triclusters Tc. Now, it's time

to remove any smaller sized triclusters and redundant clusters. To prune the

triclusters, we measure the volume of each tricluster V olT = (|X| ∗ |Y | ∗ |Z|). We
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Algorithm 6: Mining triclusters

Input : Bic = {βz}, where z = {1, 2 . . . , v}, Tmin, δ̄
Output: T : Tricluster

1 for all tz ∈ T do

2 Calculate BDβz

3 end

4 Sort BDβz in ascending order BDβp ≤ BDβq ≤ BDβs . . . ≤ BDβv

5 T = (X, Y, Z), X = φ, Z = {tp}
6 Z = {tp}
7 for i=tq to tv do
8 βq = βi

9 if LNβp ≥ LNβq&& δ̄new =
LNβq−LNβp

LNβq
≤ δ̄ then

10 Z = {tp, tq}
11 else if LNβp ≤ LNβq&& δ̄new =

LNβq−LNβp
LNβq

≤ δ̄ then

12 Z = {tp, tq}
13 end

14 end

15 X = X p ∪ X q

16 δ̄new = δ̄ + δ̄new
17 βp = X

18 end

19 if |Z| ≥ Tmin then
20 Consider T as a tricluster
21 end

�rst sort the triclusters according to their volume such as V olT
1 ≥ V olT

2 ≥ . . . ≥
V olT

|G′′|
. At �rst, we take T 1 and gradually compare with all other triclusters

one by one to keep triclusters which has smaller overlapping scores than a user-

speci�ed overlap threshold θ. Therefore, no two triclusters have an overlapping

score greater than θ. Suppose, two triclusters are T i with a subset of genes X i,

a subset of samples Y i, and a subset of time Zi and T j with a subset of genes

Xj, a subset of samples Y j, and a subset of time Zj. The overlapping in between

these two triclusters can be computed using Equation 6.4.3. Hence we keep the

larger sized triclusters and remove all smaller ones. As an output, we receive a

list of Tric triclusters.

OV (T i, T j) =
|(X i ∪ Y i ∪ Zi) ∩ (Xj ∪ Y j ∪ Zj)|
min(|X i ∪ Y i ∪ Zi|, |Xj ∪ Y j ∪ Zj|)

(6.4.3)
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6.5 Time complexity

In terms of time complexity, we consider creation of order matrix, mining bi-

clusters, and obtaining triclusters from biclusters. Recall, the 3D GST data

is DG×S×T of size m × n × v consisting of m number of genes, n number of

samples or experimental conditions, and v number of time points. OMm×n and

OM ′
m×n matrices for each time point can be calculated within O(mv(n log n))

and O(mv(n log n)) time, respectively. The overall time complexity for this step

is O(mv(n log n) +mv(n log n)) ≈ O(mv(n log n)). Let, S̄ be the number signif-

icant seed genes, P̄ be the number of genes which are associated with at least

one pathway, and Ḡ be the number of genes which has maximum overlapping

score with a seed gene. The time required to extract biclusters for each time

is O(S̄Ḡnv(m + n)) (Section 5.5). The complexity of identifying base plane is

negligible as compared to bicluster mining. Finally, triclusters can be identi-

�ed from biclusters within O(S̄v) time. Therefore, the overall time complexity

is O(mv(n log n) + S̄Ḡnv(m + n) + S̄v) ≈ O(v(m(n log n) + S̄Ḡn(m + n) + S̄)

without tricluster pruning.

The running time of TriCluster algorithm is v × (time(multigraph) ×
time(bicluster)) + time(tricluster). The time required to construct multigraph

is O(mn2v). In TriCluster, the bicluster and tricluster mining steps can be the

most expensive if the number of clusters is huge. The optimal number of clusters

highly depends on the parameters. TriCluster algorithm is e�cient for microarray

datasets because (i) multigraph removes noise and unnecessary information, (ii)

depth of the search is very small since the number of samples and time points

are smaller than the number of genes, and (iii) intermediate gene sets are kept

for all triclusters which prune the search if the criteria are not met [364]. If

two triclusters have actual overlap then only the pruning and merging step is

applied in O(C logC) time, where C is the set of clusters. The time complexity

of the OPTricluster algorithm is O(mΓΛ), where Γ be the number of all possible

combinations of samples and Λ is the total number of order-preserved triclusters.

6.6 Performance analysis

The e�ectiveness of triclustering algorithms is evaluated using 210 synthetic

datasets and one real dataset. We evaluate the performance of POPTric with

state-of-the-art triclustering algorithms i.e., TriCluster [364], OPTricluster [316],

and EMOA-δ-TRIMAX [38]. Concerning the parameter settings, wherever pos-

sible we use the parameters recommended by the original author's contribution
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and some of them are tuned in order to get better results on synthetic datasets.

Before applying the OPTricluster algorithm we have to convert 3D data into

G × T × S data i.e., for each sample, we consider GT data plane. The next

section describes the synthetic datasets generation process.

6.6.1 Synthetic datasets generation

To begin with, we generate three di�erent scenarios for arti�cial datasets: (i)

implanting one tricluster, (ii) implanting three triclusters having di�erent sizes,

and (iii) adding noise in the �rst set of synthetic data in a three-dimensional

background matrix. At �rst, we create a large two-dimensional background ma-

trix where each entry are chosen from the normal distribution N(0, 1) for each

time point. Then for each of the scenarios, three di�erent types of datasets are

created such as additive, multiplicative, and additive-multiplicative triclusters

and repeated 10 times. Firstly, we implant one tricluster of size 50 × 15 × 10

(X × Y ×Z) with background matrix of size 500× 30× 20 (G× S × T ). Figure
6.4 depicts the pattern of one of the implanted additive-multiplicative tricluster.

Secondly, we implant three triclusters of di�erent size 40× 10× 5, 70× 15× 10,

and 100×20×15 without overlap and without noise into the background matrix

of size 700 × 50 × 30 in di�erent positions. Therefore, we generate a total of

60 arti�cial datasets for model testing of both scenarios. Figure 6.4 shows one

additive-multiplicative tricluster which consists of 50 genes, under 15 samples

across 10 time points. In addition, we also generate a noisy dataset by adding

random noise drawn from a normal distribution with µ 0 and varying σ such as

0.05, 0.1, 0.15, 0.2, and 0.25 with each cell of the previously generated dataset

in the scenario i. Therefore, we have 150 datasets for noise experiments.

6.6.2 Performance on synthetic datasets

To evaluate the performance of the proposed algorithm we de�ne Con�rmation

score (CS) similarly as mentioned in the work of Prelic et al. [278] for two sets

of biclusters. Let, T 1 and T 2 be the two sets triclusters. The CS of T 1 with

respect to T 2 can be de�ned by Equation 6.6.1 which estimates the degree of

similarity between original and discovered triclusters.

CS(T 1, T 2) =
1

|T 1|
∑

(X1,Y 1,Z1)∈T 1

max(X2,Y 2,Z2)∈T 2JC(T 1, T 2) (6.6.1)
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Figure 6.4: Additive-multiplicative tricluster with 50 genes, 15 experimental con-
ditions, and 10 time points.

JC(T 1, T 2) =
|(X1 ∪ Y 1 ∪ Z1) ∩ (X2 ∪ Y 2 ∪ Z2)|
|(X1 ∪ Y 1 ∪ Z1) ∪ (X2 ∪ Y 2 ∪ Z2)|

(6.6.2)

Suppose, we have two sets of triclusters T O and T D, which represent a set of

obtained triclusters by any triclustering algorithm and set of implanted triclus-

ters, respectively. Then average recovery score CS(T D, T O) corresponds to how

well the triclustering algorithm is able to discover true triclusters from the input

dataset. On the other hand, average relevance score CS(T O, T D) quanti�es to

what extent retrieved triclusters represent true triclusters. Both the scores have

a range from 0 to 1.

We run POPTric with the parameters Smin = d5% ∗ |S|e (default 2),

Tmin = 2 (default), K =
√
|G|, α = 0.05, and θ = 0.25 [278, 337]. To set

the parameter δ̄ and ε we perform exhaustive experimentation by executing the

algorithm from 0 to 0.5 with step size of 0.05 for ε and 0.1 to 0.3 with step size

of 0.1 for δ̄ for every ε value. After execution, we choose the best result in terms

of CS and reported the average relevance and recovery score for each of the

tricluster type. OPTricluster [316] is proposed to mine triclusters for short time

series data, therefore it does not yield triclusters for our synthetic datasets. For

TriCluster [364] algorithm all the parameters such as minimum number of genes,

minimum number of samples, and minimum number of time are kept as 2 same as

our proposed algorithm. EMOA-δ-TRIMAX [38] requires four parameters i.e., λ,

δ, no. of populations, and no. of generations. Bhar et al. [38] have recommended

to compute λ and δ. no. of populations is kept 10, as number of triclusters in
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Figure 6.5: Relevance and recovery scores with error bars (range) of di�erent
triclustering algorithms on three di�erent triclustering models for scenario i.

our synthetic dataset is less and No. of generations is 100.

Performance on model experiment: We use the �rst set of synthetic

datasets, to know the best-suited triclustering algorithm which can recover vari-

ous tricluster types. To evaluate the performance of the POPTric algorithm in the

case of triclusters having di�erent numbers of time points, we use the second set

of synthetic datasets. From Figure 6.5, it can be observed that POPTric outper-

forms all other triclustering algorithms in terms of relevance and recovery score

for scenario i. Moreover, Figure 6.6 depicts the relevance and recovery scores

of di�erent triclustering algorithms for scenario ii datasets. The �gure suggests

that our algorithm outperforms all other algorithms except for the multiplicative

model in terms of recovery score. In the case of the multiplicative model, the

recovery score is a little less than EMOA-δ-TRIMAX whereas the relevance score

is higher than EMOA-δ-TRIMAX. TriCluster does not detect any triclusters for

multiplicative datasets and for other datasets its relevance and recovery score is

very low. EMOA-δ-TRIMAX identi�es more number clusters than the original

one, that is why its performance degrades for relevance score.

Robustness to noise: From the previous section, it has been clearly noticed

that our algorithm performs well for all the triclustering models. In addition

to the model experiment, we have also experimented to evaluate the robustness

of POPTric in presence of noise. Finally, we present the average relevance and

recovery scores for 10 datasets together for three models. The experimental

results of noisy datasets are depicted in Figure 6.7. The result suggests proposed
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Figure 6.6: Relevance and recovery scores with error bars (range) of di�erent
triclustering algorithms on three di�erent triclustering models for scenario ii.

algorithm outperforms all other triclustering algorithms for the additive model.

EMOA-δ-TRIMAX works well for noisy multiplicative datasets and POPTric

gives satisfactory results for the additive-multiplicative pattern. Our algorithm

can not identify the signi�cant seed genes for the multiplicative pattern that is

why it gives a poor performance in discovering multiplicative triclusters.
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Figure 6.7: Relevance and recovery scores of di�erent triclustering algorithms on
three models over noisy data.

6.6.3 Performance on real dataset

The real microarray gene expression dataset is taken from the work mentioned in

[130]. The dataset is publicly available in NCBI named GSE25011. This dataset

measures the gene expression pro�le of 22,283 A�ymetrix probe-set ids under 11

breast tumor samples of patients (MD53, MD57, MD64, MD40, MD49, MD50,

MD52, MD66, MD67, MD69, MD71) in di�erent time points. Originally there
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are six di�erent time points (0, 20, 40, 60, 120, and 180 min) and two snap frozen

per sample except for MD40. Therefore, we have only considered these six time

points for our experiment. Several duplicate o�cial gene symbols are mapped

into one A�ymetrix probe-id. We preprocess the dataset by keeping one gene

expression pro�le with maximum standard deviation among the same o�cial gene

symbols. After the data preprocessing step, we have ended up with 12,982 unique

genes. We normalize the data for each row across all samples for a given time

point to µ 0 and σ 1. We run POPTric with the parameter α = 0.05, K = 114,

Smin = 2, Tmin = 2, θ = 1, and ε = 0.1 to 0.5 with step size 0.05 and δ̄ = 0.1

to 0.3 with step size 0.1. We choose the parameters very carefully to report in

this study. The parameters of POPTric algorithm are ε = 0.4 and δ̄ = 0.3. Our

algorithm results in 37 triclusters for this dataset. Here, we have just removed

all duplicate triclusters. The general guideline for selecting the parameters is to

keep low ε and large δ̄. We compare the performance of our POPTric algorithm

with other triclustering algorithms TriCluster and EMOA-δ-TRIMAX on real-life

datasets using three quality indices MSR (Equation 2.4.5), Coverage (Equation

2.4.17), and TD score (Equation 6.4.1) [37, 234]. The parameter setting for real

datasets can be found in Table 6.1. We have not found any triculster using

TriCluster and OPTricluster algorithm for the GSE25011 dataset. Therefore, we

are not able to report comparative results with these two algorithms.

Table 6.1: Parameter settings of di�erent triclustering algorithms for real dataset

Algorithm Parameter settings
EMOA-δ-TRIMAX λ = 1.2, δ = 0.0545, No. of population =

100, No. of generations = 100
TriCluster Minimum no. of genes = 85, Minimum no.

of samples = 4, Minimum no. of time = 3
POPTric Smin = 4, Tmin = 2, K = 114, δ̄ = 0.1 to 0.3,

ε = 0.1 to 0.5, α = 0.05, θ = 1

Table 6.2 shows the comparison among all triclustering algorithms in

terms of Coverage (Gene GC , Sample SC , Time TC), mean MSR value, and

mean TD scores among all triclusters. From the table, we can clearly observe

that POPTric and EMOA-δ-TRIMAX give similar results in terms of Coverage.

This comparative result shows POPTRic shows better results in terms of TD

score.

Enrichment analysis: In order to establish the biological signi�cance of genes

belonging to each resulting tricluster, we perform GO enrichment analysis. For
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Table 6.2: Comparisons of triclustering algorithms using di�erent metrics.

Algorithm GC SC TC Coverage MSR TD
EMOA-δ-TRIMAX 100 100 100 100 4.87E-01 5.59E-06
POPTric 100 100 100 100 8.64E-01 2.96E-06

Table 6.3: Comparisons of triclustering algorithms using di�erent metrics.

Algorithm GO ID Name p-value
EMOA-δ-TRIMAX GO:0005515 protein binding 2.3975E-160
POPTric GO:0005515 protein binding 2.9671E-164

this, we again use the web-based tool FuncAssociate [35] to calculate p-values.

GO terms are said to be signi�cant if the p-value is lower than the signi�cant cut-

o� 0.05. We identify statistically enriched terms corresponding to each tricluster.

Among all these statistically signi�cant terms, we report the lowest one in Table

6.3. It can be observed the POPTric give the lowest value for p-value. Hence,

POPTric provides a better signi�cant tricluster than EMOA-δ-TRIMAX.

6.7 Potential biomarkers identi�cation

Each tricluster is represented by an eigen gene [37, 186] which is calculated by

using Singular Value Decomposition (SVD) of normalized (mean 0 and variance

1) data matrix of each tricluster. The expression matrix Djx×(y×z) is denoted

for jth tricluster, where x, y and z represent the number of genes, samples and

time points. SVD of a matrix can be de�ned using Equation 6.7.1, where U

is a x × (y × z) matrix having orthonormal columns, D is a diagonal matrix

(y×z)×(y×z) with singular value and V is a orthogonal matrix (y×z)×(y×z).

Dj = UDV T (6.7.1)

Now, the eigengene of jth tricluster is the �rst column of matrix V [37]. To

identify the hub genes of each tricluster, we calculate the PCC between the eigen

gene and all genes present in a tricluster. Thereafter, we take the top ten genes

as hub genes having the highest PCC values. PCC values signify that hub genes

are highly correlated with the eigen gene. In Figure 6.8, we have shown the gene

expression pro�le of 10 hub genes of tricluster number 37 in two di�erent time

points in 60 minutes and 120 minutes. It can be observed from the �gure that,

genes in the same tricluster have a similar expression over two time points.

In Table 6.4, we report hub genes of some of the triclusters that are asso-
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(a) Gene expression at time point 60 minutes
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(b) Gene expression at time point 120 minutes

Figure 6.8: Expression pro�les of hub genes (TTC39A, TRAPPC11, ABAT,
APEH, TAF9B, ERCC1, NDUFAF3, SHQ1, GPC1, GNAQ) in Tricluster num-
ber 37.

ciated with some breast cancer-related pathways. The third column of the table

shows the average PCC value of 10 genes for each cluster. DAVID tool [144] is

used in order to �nd out the pathways. In tricluster 3 we �nd DBN1, CKAP2,

CNN3, IGHV4-31, ITPKB, FLNA, HMGB1, PSME4, DAP3, and NPC2 genes

as hub genes that are co-expressed over all time points. FLNA is associated with

MAPK signaling pathway which plays an important role in proliferation and

apoptosis progress in breast cancer [167]. CACNA2D2 (tricluster 14 and 24)

and MAPT (tricluster 19) are also corresponding with MAPK signaling path-

way. COQ4, MCM3AP, G6PC3, CASK, BICD2, PGR, COQ7, RPA3, RNF167,

and SLX1A are found from tricluster 5 as hub genes under 5 samples over 6

di�erent time points. Gene G6PC3 in this cluster belongs to PI3K-Akt signaling

pathway. It has been observed that PI3K-Akt signaling pathway is active in upto

81% breast cancer patients [44]. GNG4 (tricluster 7), EFNA4 (tricluster 21),

COL1A1 (tricluster 33), and COL6A2 (tricluster 33) are linked to PI3K-Akt

signaling pathway. Wnt signaling pathway is responsible for developing many

cancer types, one of them is breast cancer [292]. Hub genes FZD2, CCND1,

TCF7L2, and SFRP4 present in tricluster numbers 6, 20, 21, and 32, respec-

tively are associated with Wnt signaling pathway. According to the study in

[220] CCND1 is indicated as a potential biomarker for breast cancer. The study

in [276] suggests that hub gene CHD8 is mutated in breast cancer, which is found

in tricluster number 18 and 36. In tricluster 18 hub genes are co-expressed over

�ve samples and all six time points, whereas in tricluster number 36 hub genes

are co-expressed across six samples under 2 time points. GALNT7, PIGB, H1F0,

SCNN1A, GOLM1, RNF11, DIXDC1, RSL24D1, ERBB3, and DAG1 are found
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as hub genes of tricluster number 10. The co-expressed gene ERBB3 with this

tricluster participates in ErbB signaling pathway which is found to be associated

with breast cancer cell [304]. KEGG pathway TGF-beta signaling pathway is a

related with gene TFDP1 which is co-expressed with other nine hub genes AU-

RKA, PRDX6, FXYD5, PSMA7, BLM, CTSL, CEBPB, SEMA4A, and CKS1B

across six time points. A previous study in [308], has reported the crosstalk in

between ERα and TGF-beta signaling pathway in breast cancer cells. Another

breast cancer-related pathway is p53 signaling pathway which can be found in

triclusters 14, 20, and 26 with related genes CCNB1, CCND1, and PERP [319].

In case of tricluster 37, hub genes TTC39A, TRAPPC11, ABAT, APEH, TAF9B,

ERCC1, NDUFAF3, SHQ1, GPC1, and GNAQ are co-expressed under six sam-

ples across two time points 60 mins and 120 mins. GNAQ from tricluster 37 and

MMP2 of tricluster 32 are associated with Estrogen signaling pathway. GNAQ

is considered to be widely altered cancer types [268]. Therefore, development of

drugs to target GNAQ mutation and abnormalities is needed. Gene MMP2 is

highly expressed in breast cancer cell which is related to the lymph node metas-

tasis and tumor staging [197].

Finally, hub genes in triclusters 33 and 37 are considered as poten-

tial biomarkers because these two clusters show maximum average PCC values.

Strong evidences are found from some studies that genes MFAP2 [118], DBN1

[6], FBLN1 [289], COL1A1 [213], COL6A2 [11], ENAH [201], LOXL1 [360],

GNAQ [268], ABAT [61], TAF9B [83], ERCC1 [96], and GPC1 [333] have sig-

ni�cant impact on breast cancer. Out of 20 genes, 12 genes are associated with

cancer development. Rest of the 8 genes COL16A1, BEX3, PLXNA1, TTC39A,

TRAPPC11, APEH, NDUFAF3, and SHQ1 might play an important role in

breast cancer.

Table 6.4: Hub genes identi�ed by POPTric algorithm.

Tricluster Hub genes PCC

3 DBN1, CKAP2, CNN3, IGHV4-31, ITPKB, FLNA

(hsa04010:MAPK signaling pathway), HMGB1,

PSME4, DAP3, NPC2

0.95

5 COQ4, MCM3AP, G6PC3 (hsa04151:PI3K-Akt signal-

ing pathway), CASK, BICD2, PGR, COQ7, RPA3,

RNF167, SLX1A

0.95

6 PLXNC1, LAS1L, NSUN5P1, SERPINH1, FZD2

(hsa04310:Wnt signaling pathway), EFS, GLIPR1, OS-

BPL9, PPP1R15A, TWIST1

0.94
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Continuation of Table 6.4

Tricluster Hub genes PCC

7 APOE, APOC1, CEBPA,MIR6756, SLC1A6, CARM1,

LYZ, PHGDH, TNFAIP3, GNG4 (hsa04151:PI3K-Akt

signaling pathway)

0.96

10 GALNT7, PIGB, H1F0, SCNN1A, GOLM1, RNF11,

DIXDC1, RSL24D1, ERBB3 (hsa04012:ErbB signaling

pathway), DAG1

0.95

11 AURKA, PRDX6, FXYD5, PSMA7, BLM, CTSL,

CEBPB, SEMA4A, TFDP1 (hsa04350:TGF-beta sig-

naling pathway), CKS1B

0.95

14 ARL6IP1, BCAP31, TEAD4, MZB1, AMD1, QPRT,

MCUR1, CCNB1 (hsa04115:p53 signaling pathway),

IL32, WIPI1

0.94

15 FXYD3, AGPAT1, AAR2, TRPC4AP, NTS, STAU1,

PIGT, CACNA2D2 (hsa04010:MAPK signaling path-

way), ERGIC3, QDPR

0.95

18 UBE2C, MIR6756, ARHGEF7, BORA, B4GALT5,

SNRPG, AURKA, PCID2, CHD8 (hsa04310:Wnt sig-

naling pathway), DDX39A

0.95

19 CA12, CIRBP, SRI, CERS6, GPD1L, TBC1D9, KL-

HDC2, MAPT (hsa04010:MAPK signaling pathway),

MOAP1, SLC19A2

0.95

20 PLK2, CCND1 (hsa04115:p53 signaling pathway,

hsa04151:PI3K-Akt signaling pathway, hsa04310:Wnt

signaling pathway), RNF11, ERBB3 (hsa04012:ErbB

signaling pathway), TTC39A, KAT6B, CRIP1,

PLXNB1, RPL29, PIGB

0.94

21 SERPINH1, S100A11, DBN1, TCF7L2 (hsa04310:Wnt

signaling pathway), MIR664B, PRRC2C, PFDN2,

EFNA4 (hsa04151:PI3K-Akt signaling pathway),

LAS1L, PSME4,

0.94

24 TCTA, DCXR, WFS1, TCN1, BCAS1, ZNF552,

QDPR, ERGIC3, CPE, CACNA2D2 (hsa04010:MAPK

signaling pathway)

0.93
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Continuation of Table 6.4

Tricluster Hub genes PCC

26 MIR7112, BZW2, IGHV4-31, PCID2, PERP

(hsa04115:p53 signaling pathway), NASP, SNRPE,

MMD, TOMM20, CTSC

0.97

32 NSA2, RPL27A, SFRP4 (hsa04310:Wnt signaling

pathway), RPL27, PPIC, MMP2 (hsa04915:Estrogen

signaling pathway), EEF1A1, PFDN5, HTRA1,

SPARCL1

0.96

33 MFAP2, COL16A1, DBN1, FBLN1, COL1A1

(hsa04151:PI3K-Akt signaling pathway), COL6A2

(hsa04151:PI3K-Akt signaling pathway), ENAH,

BEX3, PLXNA1, LOXL1

0.98

36 CHD8 (hsa04310:Wnt signaling pathway), RPS7,

MIR1178, HSPB6, ATP2B4, EFNB2, PSMA7, TUBB,

MTMR14, STAU1

0.96

37 TTC39A, TRAPPC11, ABAT, APEH, TAF9B,

ERCC1, NDUFAF3, SHQ1, GPC1, GNAQ

(hsa04915:Estrogen signaling pathway)

0.98

6.8 Discussion

In this chapter, we have proposed a novel semi-supervised triclustering algo-

rithm POPTric for three dimensional Gene Sample Time data that aims to

identify coherent subspaces across genes, samples, and time points. We com-

pare the performance of our algorithm using arti�cial and real datasets. The

assessment of arti�cial datasets are done by relevance and recovery scores. POP-

Tric outperforms the existing TriCluster algorithm. For some types of tricluster

EMOA-δ-TRIMAX shows better results in the case of arti�cial data. The re-

sults of GO enrichment analysis show that our algorithm is able to extract more

biologically signi�cant clusters than existing triclustering algorithms. In terms

of Coverage, MSR score, and TD score both POPTric and EMOA-δ-TRIMAX

algorithms show similar kinds of results. Additionally, we represent each of the

tricluster by eigen gene and identi�ed hub genes using the pro�le of eigen genes.

Hub genes are associated with some breast cancer-related pathways and are also

veri�ed from the literature. From, these hub genes we further identify potential

biomarkers responsible for breast cancer. Other biomarkers might be associated
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with breast cancer, which is essential to be veri�ed experimentally. This will help

insights into a better breast cancer diagnosis. We now present the conclusions

and future work of our thesis in the next chapter.
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In this thesis we have explored the analysis of transcriptomics data with di�erent

computational methods and their impact on predicting potential biomarkers. In

this regard, three major computational methods are presented full-space cluster-

ing, biclustering, and triclustering algorithms. Speci�cally, we have incorporated

biological knowledge from GO in full-space clustering and KEGG pathway infor-

mation in both biclustering and triclustering algorithms. Moreover, we compare

the performance of our proposed algorithms with well-established methods for

synthetic and real datasets. This chapter is structured in two sections. We pro-

vide concluding remarks regarding each one of the proposed methods in Section

7.1. Section 7.2 presents the future direction of work.

7.1 Concluding remarks

In the �rst study, we propose three clustering algorithms in Chapter 3. First, we

present GAClust (unsupervised) and then two semi-supervised full-space clus-

tering algorithms viz, SDC and SGAClust to analyze cancer gene expression

data. The goal of our proposed algorithms is to make the algorithm parameter

less which can compute parameters dynamically depending on input data. Our

work is di�erent from conventional clustering algorithms, where we concentrate
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on data extraction rather than data partitioning by partial clustering. We have

shown the empirical evidence in Chapter 3 that our semi-supervised approach

SGAClust has been consistently performing well in di�erent aspects (enrichment

analysis, number of signi�cant terms, and in terms of p-value) over other unsu-

pervised algorithms. This result suggests that integration of GO in the SGAClust

algorithm detects biologically more signi�cant clusters than other algorithms. In

contrast, though the SDC algorithm is semi-supervised still is not performing well

because it is not suitable for high dimensional data. We believe that our work

gives insights into potential biomarkers for cancer disease by di�erent proposed

algorithms.

The second study considers the biclustering algorithm which is based

on the premise that a subset of genes participates in certain cellular processes

active under some subsets of conditions. We have developed an order-preserving

algorithm namely OPBic to analyze both gene and miRNA expression data for

cancer disease in Chapter 4. The results provided by the OPBic algorithm for

synthetic datasets, allow us to identify di�erent types of bicluster patterns and

overlapping clusters. In fact, very few algorithms are present in the literature

which can deal with all eight types of biclusters. From the biological evaluation

of biclustering results, we have shown that OPBic outperforms C&C, BicSPAM,

and UniBic, particularly in enrichment analysis of gene expression data. In the

case of the miRNA dataset, the algorithm is e�ective to discover biologically and

clinically meaningful clusters. The biclusters are used to predict potential gene

and miRNA biomarkers for di�erent cancer datasets. We believe that the results

obtained by OPBic result will de�nitely be useful in disease diagnosis.

In the third study described in Chapter 5, attention is given speci�cally to

incorporate the biological knowledge during the search process to ensure those co-

expressed genes are highly relevant biologically. Therefore, we have developed a

semi-supervised biclustering algorithm using the KEGG pathway called POPBic

in Chapter 5 which is an extension of the OPBic algorithm. The results obtained

by the algorithm suggests that POPBic has the potential to �nd multiple bicluster

types as well as overlapped clusters. We have shown that the algorithm can �nd

clusters from noisy data. POPBic outperforms di�erent biclustering algorithms

under consideration for the cancer gene expression dataset. Further, we explore

the resulting biclusters to get potential biomarkers for genes and miRNAs.

The fourth study discussed in Chapter 6, concentrates on triclustering

algorithm which can e�ectively analyze 3D gene expression cancer data. Moti-

vated by our previous work, we have developed the POPTric algorithm. The
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comparative results demonstrate that our POPTric algorithm outperforms other

approaches in order to identify three types of triclusters such as additive, mul-

tiplicative, and additive-multiplicative. The study presented here extracts the

co-expressed genes under a subset of samples over a subset of time points. POP-

Tric demonstrates the ability to identify triclusters from noisy data. Our tri-

clusters have been found to be signi�cantly enriched than triclusters of related

approaches. Additionally, from the extracted triclusters we have identi�ed po-

tential biomarkers which highlights their usefulness in clinical diagnosis.

The bottom line of our work is that clustering has extremely rich pre-

dictive power but is a di�cult problem to handle. We want to highlight some

crucial points regarding the clustering of transcriptomics data that clustering is

dependent on the underlying structure of the data, appropriate parameter selec-

tion, total number of clusters, and the number of genes present in each group. As

a conclusion, we can say that cluster analysis of transcriptomics data greatly re-

duce the search space for biologists and further biological assessment is required.

Also, a �Good� cluster is a pure indication of biologically meaningful groups. Un-

supervised full-space clustering algorithm considers only proximity measure but

semi-supervised uses proximity measure in association with semantic similarity

measure from the GO regardless of clustering algorithms. In practice, we be-

lieve that combined measure that is semantic and proximity is expected to give

bene�cial results than only proximity measure. The result of SGAClust strongly

supports our observation regarding the incorporation of GO in the combined

measure.

In the realm of full-space clustering, it is being realized that there is

a need for biclustering in the context of biological data and therefore we have

explored two di�erent biclustering algorithms. For this particular case, we ob-

serve that incorporation of pathway knowledge gives better quality biclusters.

From the evidence, overall we can conclude that semi-supervised algorithms pro-

vide more promising results than unsupervised algorithms. Indeed, with this

conclusion further, we move towards a semi-supervised triclustering algorithm

to analyze three dimensional Gene Sample Time data. Some of the predicted

potential biomarkers for cancer disease need to be veri�ed through wet lab ex-

periments before being used as designated biomarkers. Reliable biomarkers are

extremely bene�cial in understanding the complexity of various diseases, reduc-

tion of cost, simplifying the experimental setup, and providing a reference to the

actual wet laboratory experimental results. This will be helpful in better cancer

management.

216



Conclusions and Future work 7.2. Future work

7.2 Future work

Although the literature is �ooded with full-space and subspace clustering algo-

rithms, still clustering will remain a hot research area. Our study gives further

insights into the future direction to carry forward research in transcriptomics data

clustering. In view of the detailed study of clustering, we can infer a useful guide-

line and a number of open problems. It will be better to use multiple clustering

algorithms such as fuzzy clustering, multiobjective, and evolutionary algorithms

along with the integration of external knowledge and run with di�erent parameter

settings to get biologically relevant information. Therefore, ensemble clustering

methods will be an appropriate decision to analyze such types of biological data.

In a true sense, outliers can be present in the biological data due to sev-

eral reasons, such as experimental fault, noise, or instability in measurements.

Therefore, it is of utmost importance to detect outliers from the dataset. Other-

wise, it may cause misleading results in machine learning algorithms or degrade

its performance. However, the fundamental challenge of an outlier is to determine

how much di�erent its value should be from the rest of the data in a dataset.

In chapter 3, we have proposed GAClust and SGAclust, which identify singleton

clusters that can be treated as outliers. Further investigation of the usefulness

of the proposed algorithms for outlier detection is yet to be studied in future.

Thus, outlier detection can be a promising future research direction.

There is a clear limitation of our proposed full-space clustering algorithm

in its inability to extract overlapping clusters rather, they �nd disjoint groups.

Often it has been observed that genes may participate in multiple functions and

thus genes may belong to more than one functional category. Therefore, the

detection of overlapping clusters is a crucial task due to the multiplicity of gene

functions and can be exploited as future work.

In semi-supervised full-space clustering algorithms, two weight factors

are used to compute combined similarity. This study emphasizes the proxim-

ity weight factor than the semantic similarity weight factor. The e�ectiveness

of the performance of clustering results with varying weights is yet to be per-

formed. Furthermore, proposed subspace clustering algorithms are not free from

user-de�ned parameters which we have chosen experimentally. Therefore, there

is always ample scope for improving biclustering or triclustering algorithms by

proposing a way to estimate parameters dynamically. It will be a promising di-

rection to design new subspace clustering algorithms which are fully automated

by nature i.e., independent of parameters as well as avoid redundancy present in

the clusters.
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Beyond this, the running time of the proposed algorithms is not satis-

factory. The volume of data is growing at a faster scale. The �eld of clustering

will evolve and adapt to cope with increasing size. Hence, another promising

avenue of research will be to develop subspace algorithms that will reduce time

complexity. A parallel concept can be a possible way to address the issue.

Another possible way to extend our work is to involve regulatory infor-

mation in order to get the clusters to have both co-expression and co-regulation

of genes. Not only that, it is always advisable to incorporate multiple biological

sources such as Reactome, BioCyc, Human Protein Reference Database (HPRD),

Database of Interacting Proteins (DIP), IntAct Molecular Interaction Database

to get meaningful clusters.

Cluster validation is the key tool to evaluate the algorithms and to verify

the clustering results. The striking observation from the result of cluster val-

idation as reported in Chapter 3 is that none of the algorithms is performing

best throughout all internal validation measures. Thus, it is impossible to rec-

ommend one single internal measure for all algorithms to judge the quality of

clusters because it is biased towards the speci�c structure of the cluster. Due to

this biasness, it may give a higher validity rating and wrong interpretation about

the clustering result. Therefore, it will be interesting to develop a new evaluation

measure or to ensemble more than one measure to evaluate clusters.

The most commonly conducted cluster evaluation process is GO enrich-

ment analysis of co-expressed gene clusters. GO enrichment analysis depends on

external knowledge repository and depends on completeness and availability of

benchmark databases. The enrichment result is biased by the size of the clus-

ters. With this, we add another important point that a higher number of the

identi�ed cluster does not essentially mean obtaining highly enriched clusters. It

is worth mentioning that the larger the cluster smaller will be the p-value (close

to 0). Therefore, it will be e�ective to work with di�erent biological databases as

an external knowledge base such as pathway enrichment analysis, Transcription

Factor Binding Site (TFBS) enrichment analysis.

Our study is limited to only gene expression and miRNA expression

data. So far, in our study, we have identi�ed several biomarkers that are veri�ed

through literature only. The rest of the biomarkers need to be checked compu-

tationally to see if they are associated with the disease in any way. Also, no

universal method is present in the literature which can evaluate the biomarkers.

Therefore, future focus can be given in this direction to enhance the assessment

of biomarkers to understand any complex disease, disease diagnosis, prognosis,
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or risk analysis. Additionally, it will be bene�cial to identify more speci�c and

sensitive biomarkers. We will like to extend our work in di�erent data sources

such as RNA-Seq data, single-cell RNA sequencing (scRNA-seq), multi-omics

datasets to analyze data in various aspects such as survival analysis, network

analysis, biomarker identi�cation, and di�erential co-expression analysis. It will

be also interesting to see biologists using our algorithms on biological data and

evaluating the outcomes.

Finally, we can say that technological advancement will continue to evolve

and the magnitude of data will increase day by day. In such a scenario, we can

not forget the impact of machine learning, data mining, or statistical analysis

in investigating a large volume of complex data. Therefore, the contribution of

computational biology will be undeniable in the biological era.
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Appendix

The POPBic tool has been developed in a MATLAB environment to work on

microarray gene expression data for extracting biclusters. The tool also helps to

identify biomarkers from identi�ed biclusters. To run the tool MATLAB software

is required. The tool can be accessed at http://agnigarh.tezu.ernet.in/

~rosy8/shared.html. The stepwise instructions to use this tool are given below.

(I) Extract the zipped folder named �POPBic_Tool.rar� in to your computer.

The POPBic_Tool folder contains the following �les and folder.

(a) Sample_data (folder)

(b) POPBic_tool.�g

(c) POPBic_tool.p

(II) Start MATLAB and change the working directory of the MATLAB to the

speci�ed location where you have extracted the �les.

(III) In the MATLAB console type POPBic_tool and hit enter. After that, the

following GUI in Figure A1 will appear.

(IV) The main window has three panels, viz. Input, Output, visualization, and

Biomarker identi�cation as shown in the Figure A1.

(V) Load the gene expression dataset in the input panel by clicking the Browse

button which will display a dialog box where the user can select the �le. The

dataset should be in the `.xlsx' format, where rows represent genes and columns

represent experimental conditions. The sample �le �gene_expression.xlsx� is

given in the sample folder.

(VI) Load the KEGG pathway information in the input panel by clicking the

Browse button which will display a dialog box where the user can select the �le.

The �le should be in the `.txt' format. The sample �le �pathway.txt� is given in

the sample folder. The pathway information can easily be downloaded from the
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Appendix

Figure A1: The screen-shot of POPBic tool.

Functional Annotation Table tab of the DAVID web browser by giving the list

of genes in the upload section.

(VII) Load the group information in the input panel by clicking the Browse

button which will display a dialog box where the user can select the �le. The �le

should be in the `.xlsx' format. The sample �le �group.xlsx� is given in the sample

folder. The �le is a column vector that is created depending on the experimental

conditions in gene expression data. Here, we describe how to create the �le

by giving an example. In the `gene_expression.xlsx' �le there are 102 samples

and two subtypes (50 normal samples and 52 tumor samples). Each normal

sample is mapped to 1 and each tumor sample is mapped to 2. The sequence of

experimental conditions given in the gene expression dataset is strictly followed

in the `group.xlsx'.

(VIII) Use following values of POPBic algorithm for sample data.

Alpha = 0.05, Error rate = 0.5, Minimum number of conditions = 5, and Top =

0.1
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Figure A2: Co-expressed genes of a bicluster.

(IX) Press the button `Run POPBic' to get the result. The execution may take

time. So be patient while executing. Two �les will be saved in the same folder one

`Intermediate_result.xlsx' and another `POPBic_output.txt'. The �rst, second,

and third sheet of `intermediate_result.xlsx' consist of pathway identi�er, the

pathways corresponding to each of the genes, and p-value for each of the genes.

In the case of p-values, we put `100' for some of the genes where we have not

found the pathways in the `Sheet2'.

(X) In the second panel i.e., output and visualization the number of biclusters

will be shown after the completion of execution. Enter the number of biclusters

(from 1 to number which is displayed in the previous text box) which you want to

plot and then press `Plot bicluster'. A separate window will pop up for plotting

which can be saved for later use. One such example of a bicluster plotting is

shown in Figure A2.

(XI) The third panel is for biomarker identi�cation. To get the biomarkers from

the extracted biclusters, browse the conversion �le. The conversion �le can be

downloaded from the Gene ID Conversion Tool of the DAVID web browser by

giving the list of genes in the upload section. In the sample example, we have

converted our A�ymetrix genes into o�cial IDs.

(XII) Use 2 as a default value for the top frequent gene to get the desired

biomarkers. The output �le will be saved as `biomarker.txt' in the same folder.

The biomarkers can be veri�ed from the literature.
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